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Global low-rank methods have achieved great successes in tensor completion. However, these methods
neglected the abundant non-local self-similarities, which exist in a wide range of multi-dimensional
imaging data. To integrate the global and non-local property of the underlying tensor, we propose a
novel low-rank tensor completion model via combined non-local self-similarity and low-rank regular-
ization, which is named as NLS-LR. We adopt the parallel low-rank matrix factorization to guarantee the
global low-rankness while plugging in non-local based denoisers to promote the non-local self-similarity
instead of tailoring regularizers. To tackle the proposed model, we develop an efficient block successive
upper-bound minimization (BSUM) based algorithm. Numerical experiment results demonstrate that the
proposed method outperforms many state-of-the-art tensor completion methods in terms of quality met-
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1. Introduction

Nowadays information has been explosively increasing in our
society, real-world data such as magnetic resonance image (MRI),
hyperspectral/multispectral image (HSI/MSI), color image, and
video usually have high dimensional structure. As an extension of
vectors and matrices, tensors play a significant role in representing
complex multidimensional data. Owing to information missing or
unacceptable cost to acquire complete data, tensors in the real
world may be incomplete. The problem of estimating the miss-
ing data from the observed incompleted tensor is called tensor
completion. Higher-order tensor completion has a wide range of
realistic applications, such as image inpainting [1,2], magnetic
resonance imaging data recovery [3,4], rain streak removal [5,6],
and hyperspectral image recovery [7,8].

To tackle the tensor completion problem, we need to exploit
the latent relationship between the observed and the missing val-
ues. Actually, real-world data usually have a strong inherent cor-
relation, which is described as low-rank property. There are a
great many studies, which utilize the low-rank property to char-
acterize the relationship between the observed and the missing
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values [4,9-27], producing good performances on tensor com-
pletion problem. Mathematically, the low-rank tensor completion
(LRTC) problem can be written as:

mJ}n rank(y)

11
st. Pe(V)=F, (1)

where Y is the underlying tensor, F is the observed data, €2 is
the index set corresponding to the observed entries, and Pgq(-)
is the projection function that keeps the entries of J in 2 while
making others be zeros. Particularly, the low-rank matrix com-
pletion (LRMC) problem can be viewed as a second-order tensor
completion problem [28].

Different from the matrix, there is not a unique definition for
tensor rank. Among those definitions, there are two popular ways
to formulate tensor rank: the CANDECOMP/PARAFAC (CP) rank and
the Tucker rank (n-rank) [29]. Given a N-way tensor Y € R%xxdn,
the CP-rank of Y is defined as the smallest number of rank-one
tensors that generate ) as their sum. There is another more com-
mon definition called Tucker rank (n-rank). The Tucker rank of Y
is defined as (rank(Y(y)), rank(Yz)), ..., rank(Yy,)), where Yy is
the mode-n unfolding of tensor ) (see details in Section 2.2).

However, directly minimizing the CP-rank or Tucker rank is NP-
hard [30]. In the past decade, the nuclear norm is found to be the
tightest convex surrogate approximation of a matrix’s rank and has
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been widely used to tackle rank minimization problem [31,32]. Uti-
lizing the nuclear norm, a new model is first introduced by Liu
et al. in 2009 [33], which considers the low-rankness to all mode
of the tensor, and the low-rank tensor completion model can be
rewritten in this form:

. N
mym néjl On ” Y H * (12)

s.t. Pa(Y) = F,

where >0 (n=1,2,...,N), Z’,\l’:1 an =1, and Yin) is the mode-
n unfolding of Y. The optimization problem (1.2) can be solved by
high accuracy low-rank tensor completion (HaLRTC) [33] and the
Douglas-Rachford splitting method [34]. Optimizing the problem
(1.2) involves calculating the singular value decomposition (SVD)
of each Y(), which is computationally expensive at each iteration.
To tackle this problem, Xu et al. proposed a new model which is
called low-rank tensor completion by parallel matrix factorization
(TMac) [35], i.e.,

. N 2
min - 3 Yy = Ana (13)

s.t. Pa(Y) =F,

where A= (A1,Ay,...,Ay) and X = (Xq, X5, ..., Xy) represent the
low-rank factor matrices, respectively. TMac applies low-rank ma-
trix factorization to each mode unfolding matrices and updates the
factorization matrices alternatively, which costs less time and gains
better performance than HaLRTC.

Low-rank property can catch the global information of the un-
derlying tensor. However, it is not sufficient enough to exploit the
structure of the tensor. Fortunately, real-world data often exhibit
smooth prior in the spatial domain. Inspired by this point, many
recent studies investigate smoothness constraints for their work
[3,4,36-43]. Among those smoothness constraints, the total vari-
ation (TV) regularizer is widely used and has shown reasonable
performances on preserving edges in image restoration. Ji et al. in-
troduced the TV regularization term into their model [37] and the
model can be written as:

min é 9 ||V = Anka |2 + ATV(X5)

s.t. Pa(Y) = F,

(1.4)

where TV(X3) is the TV regularizer of factor matrix X3 using piece-
wise smooth prior and A denotes the parameter which controls the
power of the TV regularizer. Due to the smoothness of the spa-
tial domain, the model gains a great improvement compared to
the based model TMac. Instead of introducing regularizer on factor
matrices, Li et al. adopted TV regularizer on each mode unfolding
matrices of tensor ), their model [42] is written as:

N N
min MY NEYmlh+ 5 X UL+ 2216117

V.G UM, n=1 n=1 (1.5)

S.t. PoW)=F. V=G x1UD x;U@ ... xyUN,

where G denotes the core tensor and {U(“)}”;’:1 are the Tucker de-
composition facotrs. F, is the TV matrix where F,(i,i) =1, F;(i,i+
1) = —1, and other elements are zeros. Not limited to these meth-
ods, the other related LRTC methods with their properties are
shown in Table 1.

1.1. Motivations and contributions

Although the local smoothness methods have achieved promis-
ing performances, they neglect the redundant non-local self-
similarities, which can be observed in most multi-dimensional

imaging data. Non-local methods can utilize not only the neighbor-
hood pixels but also the far away pixels in similar patches. Mean-
while, the non-local methods surpass the TV based methods when
dealing with many imaging inverse problems [46-48].

Therefore, we propose a low-rank tensor completion model us-
ing non-local prior to enhance the self-similarities of the under-
lying tensor, which would be helpful for preserving the abundant
details. Our tensor completion model is formulated as:

3 2
i on _
min n; 4| Yiny — AnXa | + 22 (D) (16)

st. Po(Y)=F.

where ZL] & ” Yn) — AnXn ||i is to guaratee the global low-
dimensionality along each mode and A is a regularization param-
eter. Instead of investing efforts in tailoring non-local regulariz-
ers, we develop an implicit regularizer ® () using Plug and Play
framework (see details in Section 2.3). The implicit regularizer
() is introduced by plugging in the non-local denoiser engine,
which is convinced to express the non-local self-similarities of the
underlying tensor. By integrating both the global low-rankness and
non-local self-similarities of the underlying tensor, the proposed
model can effectively maintain the general structure as well as
capture the details of the underlying tensor.

1.2. Organization of this paper

The structure of this paper is as follows: Section 2 introduces
some basic tensor knowledge, operators, and details about Plug
and Play. Section 3 gives the formulation of the proposed model as
well as the solver algorithm. Section 4 evaluates the performances
of NLS-LR and the compared methods in numerical experiments.
Section 5 gives some discussions. Section 6 summarizes this paper.

2. Notations and preliminaries

In this paper, we use low-case letters (such as a) for vectors,
use upper-case letters (such as A) for matrices, and calligraphic let-
ters (such as .A) for tensors. We will introduce some preliminary
knowledge in the following subsection.

2.1. Tensor basics

We define a N-way tensor as X eRI<xdv  whose
(i1.13,...,iy)th component is denoted as x; ; . A fiber of
a tensor is defined by fixing every index but one. The mode-n
fibers are vectors X (iy,..., in_1, 5 ingts - - - iy) respectively for all
i1, dp, ..., iN-

The mode-n unfolding of a tensor X is denoted as X, €
R *Tlaxn i which is a matrix with columns being the mode-n
fibers of x. The element (iy,i,,...,iy) of the tensor X maps to
the (in, j)th element of the matrix X, in the lexicographical order,
where

N k-1
i=1+ Y G- with Jy= ] dm (21)
k=1,k#n m=1,m#n

the inverse operator of unfolding is denoted as “fold”, ie., X =
fOldn (X(n) )
The Tucker rank (n-rank) of X is defined as the following array.

rank(X) = (rank(X()), rank(Xz))., ..., rank(Xe)). (2.2)

The inner product of two tensors X, Y € Rd1xd2x-xdn is defined
as

(X, ) 1= D XiiyisVivsipin: (2.3)

i1.02,....0N
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Table 1
An introduction of the related LRTC methods with their properties.

Low-rankness
Low-rankness or minimizing the rank

Spatial smoothness
Constrains on factors/tensors

The solving algorithm

HaLRTC [33] The Tucker rank -
LRTC-TV-I [42] The Tucker rank

LRTC-TV-II [42] The Tucker decomposition

TMac [35] Low-rank matrix factorization -
ME-TV [37] Low-rank matrix factorization

MF-Framelet [4] Low-rank matrix factorization

SMF-LRTC [44] Low-rank matrix factorization

SPC-TV/QV [36] The PARAFAC/polyadic decomposition rank

Isotropic TV for underlying tensors

Isotropic TV for underlying tensors

Isotropic TV for factors
Framelet for factors
Unidirectional TV for underlying tensors

and framelet for factors
Unidirectional TV/QV for underlying

An alternating direction method of multipliers
based algorithm

An alternating direction method of multipliers
based algorithm

An alternating direction method of multipliers
based algorithm

An alternating direction method of multipliers
based algorithm

A block successive upper-bound minimization
based algorithm

A block successive upper-bound minimization
based algorithm

A block successive upper-bound minimization
based algorithm

A hierarchical alternating least squares based

tensors algorithm
TNN [45] The tubal rank - An alternating direction method of multipliers
based algorithm
The Frobenius norm is defined as: (ADMM) [50]. These algorithms make itself equivalent to solve the
regularized image denoising problem.
12l = v/ (X, ). (24) * s &P

The tensor inner product follows the exchange law and combi-
nation law, which can be proven as follows.

(XY= X Xy Yiriiz.nin

i1.0p,..00N

2 Vivigiy Xiripooiy (2.5)

i1,0p,..IN

(¥, x),

(XX 2)= ¥ Xijpiivbooiv T 2 XipiinZini. iy

i1,i2,..0n i1,ip,....in

= > Xipigiv Wigig, iy F Zirig, i)
i1,i0,0niy
= (X, Y+ 2),

(2.6)
the exchange law and combination law will be used in the deriva-
tion of (3.8).

2.2. Projected and proximal operators

The projected operator Pq(Y) is a function that keeps the en-
tris of Y in © while making others be zeros. i.e,
Yivipiy»  (1.02,...,In) € 2,

0, otherwise.

Pa iy i,y = { (2.7)

The proximal operator of a convex function f(x) is defined as:

prox; (y) = argmin { £ + 2 Jx - yI12} (28)

2.3. Plug and Play (PnP)

In the field of image reconstruction, numerous efforts have
been made on matching effective regularizers with advanced op-
timization algorithms [49-52]. Factly, natural image priors such as
spatial sparsity, piecewise smooth are widely used, while their cor-
responding regularizers ||x||; and ||x||ty are not differentiable. To
tackle the non-differentiability of many regularizers, some proxi-
mal algorithms came to being in the past two decades, such as
the variants of iterative shrinkage/thresholding algorithm (ISTA)
[49] and the alternating direction method of multipliers algorithm

Recently, the Plug and Play framework has become a hot topic,
which is first proposed by Venkatakrishnan et al. [53]. Exten-
sive experiments have demonstrated its effectiveness [54-58]. The
PnP framework can allow state-of-the-art denoisers into some in-
verse problems, such as image deblurring [55] and super-resolution
[54]. We usually have the following sub-problems in the iterative
algorithm for solving inverse problems in image processing:

xk+D =argrr§<in§||x—z||§ +AD(x), (2.9)

where ®(x) is the regularizer and A is a regularization parameter
that trades off the fidelity term and the regularizer. If we define
o =\/%, the problem can be rewritten as:

x — 2|5 + P (x). (2.10)

1

207!

Treating z as the noise image, the above problem can be re-
garded as a denoising problem. Given the regularizer ®(x), we have
a corresponding denoiser to tackle with the denoising problem. For
example, if the regularizer ®(x) is the TV regularizer, we can use
the corresponding TV-based denoisers to solve the denoising prob-
lem. In PnP framework, ®(x) is an implicit regularizer by plugging
in off-the-shelf denoisers to express the prior we want, which is
the main idea of the Pnp framework. There are many state-of-the-
art denoisers available to solve the problem, such as BM3D [46],
BM4D [59], TNRD [60], and NLM [48]. Therefore, the problem can
be solved as:

x®D — D(z, ), (2.11)
where D is the denoiser engine and o is denoted as the denoiser

parameter. This provides the basis for us to apply non-local engines
for the LRTC problem.

x®+D = arg min
X

3. Proposed model and algorithm
3.1. Proposed model

Considering a three-way tensor } € R4ix®xd3  the objective
function of the proposed model (1.6) is:
3
o 2
fXAD) =305 Yy — Ak + A2 () +1(D), 3.1)
n=1
where o, are all positive weights 3"3_; o, = 1. A = (A1, A3, A3) and
X = (Xq1,X5, X3) represent the low-rank factor matrices along each
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mode, Y, denotes the mode-n unfolding of tensor Y, A is a regu-
larization parameter, ®()’) is a non-local denoiser regularizer, and
t(Y) is the indicator function, i.e.,

0, if Po(¥V) =F

. (3.2)
oo, otherwise.

() :={

The proposed model has two parts, one is the low-rank regu-
larizer term Yp_; % [|Y(n) — AnXn ||i We assume the Tucker rank
of tensor Y € R4ix2xd3 s (r;, ry, r3), which is given as a low-
rank prior. A, € RdnxMn X e RM>*sn are the low-rank factor matri-
ces. This term is modeled to enhance the low-rank property in
each mode, thus can better capture the global information of the
tensor Y.

Another part is the regularizer ®()’), which is used to promote
the self-similar property. Instead of tailoring non-local regularizers,
the implicit regularizer ® () is introduced by plugging in the non-
local denoiser engine, which is convinced to express the non-local
self-similarities of the underlying tensor.

3.2. Proposed algorithm

In this section, we develop a BSUM-based algorithm to solve
the proposed model.

Let 2= (X,AY), 2k=(Xk Ak k), and h(Z, 2% = f(2)+
§||z - Zk”i. By introducing the proximal operator, we can solve
the optimization problem (3.1) as follows:

l(33)

2k — arg minh(Z, 2%) = arg min f(2) + g“z — 2|
Z Zz

where Z = (X,A,Y), 2k = (X* Ak, y¥), and p is the proximal pa-
rameter. With utilization of the BSUM algorithm [61], the optimiza-
tion variables of the objective function can decomposed into multi-
blocks. Then Eq. (3.3) can be iteratively solved by:

X+ = arg min [ (X, 26) = FO6AS 99 + S X - x4,
X

A1 = arg min lhz (A, 25) = FXM1 A, 0% + gHA —A’<Hi},
A

yk+1 =arg min [h3(y, Zé() _ f(Xk+1,Ak+]w y) + g”y — yk”i—]
y
(34)

The Xn—subproblem and Ap-subproblem can be written as:

Xkl — arg 1 min = ||Y(’j1) _ Ak |2 §||xn —xk|?

I [

. 2 2
Al = argAmm 5 LV, — At |2 + )1 - A

Note that the minimization problem of the X-subproblem and
A-subproblem can be solved easily due to its differentiability. Ob-
serving that the subproblems except )-subproblem have closed-
formed solutions, the core problem turns out to be how to solve

the Y-subproblem, which can be written as:

3
yk+1 :argymin';: % ||Y(n) —Aﬁxﬁ“i + g”y - ”i

+ AP QY) + (). (3.6)

The matrix Frobenius norm ||y, — AkXX||Z is to calculate the
square root of the sum of the squares of all elements. If we de-
fine Mk as the fold-n tensor of AKXK, it's not hard to find that
the matrix Frobenius norm Y, —A’,§X,2‘||% is equal to tensor Frobe-

nius norm ||y — M"||F, which is also to calculate the square root

of the sum of the squares of all elements. Thus we can obtain the
Y-subproblem as follows:

3
Pk :argyminX; % v - M’;Hi T gHy _ k|2
n=

I

+ADQ) + 1Y), (3.7)

further note that the tensor Frobenius norm can be also written as
the tensor inner product form (2.1), we can merge the optimization
into a more standard form as follows:

et g min Y % [y - ]+ 51 - 40
+ 1Y)
= arg min ———~ a +’0) (Y, D) - < Zaan +,0yk>
Y n=1
+A0Q) + 1Y)
L (A+p) [, Yal anME+ pY*
= arg min — s
8N <y a+py 7
33 anME 4 pY*
- + 10 +t
asp )+
( +p) 3 o ME 4 pYk [
= arg min — &= + o
gy Hy a+p) , )
+ (D), (3.8)

where MK = fold, (AKX¥) is denoted as the fold-n tensor of AKXk,

The exchange law and combination law of tensor inner product

used in the derivation are proven previously in Section 2.1. Let

k) — Enuy onMitpy Py
(1+p)

and o = 5

the Y-subproblem will be
rewritten as:

min ﬁ“y —I0|+ o)

S.t. Pa(Y) =

then the question is formalized as a standard constrained opti-
mization. Factly, ®()) is the denoiser regularizer, which can be
solved in Plug and Play method. By using the project operator to
meet the constrain, the Y-subquestion can be solved as:

YR = P (D(j)(k), O)) + F. (3.10)

where Pqc is the project function to keep constraint condition, D
is the denoiser engine, and o is denoted as the denoiser parameter
to control the strength of denoising. Note that the denoiser param-
eter o is linked to the noise level in i.i.d. Gaussian denoising, but
in our model the o is linked to the general system error between
J® and the ground truth. Thus, in our model o is treated as a
tunable parameter to obtain an appropriate effect. Finally, the pro-
posed algorithm is summarized in Algorithm 1.

(3.9)

3.3. Rank-increasing scheme

In this subsection, we will talk about the rank-increasing
scheme [35,44,62]. In the proposed model. This strategy starts with
rank estimation 10 = (9,19, r9), when the relative error becomes
less than the tolerance we set ie.,

_ [P x|

, =1,2,3
[z, |~ "

(3.11)

then increase the corresponding rank r, to min{r, + Ary, rM3*} at
iteration k+ 1, where Ar, is a positive integer and r®* is the
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Fig. 1. The color images used in the experiments.

Fig. 2. Reconstrcted results for color image data with SR=10%. From top to bottom
results by TMac, MF-TV, TNN, SPC-QV, LRTC-TV-II, NLS-LR, and the original data.

Algorithm 1 BSUM based optimization algorithm for NLS-LR.
Input: the observed tensor F, the set index 2 of the observed
entries, the denoiser parameter o, the proximal parameter p,

the initial Tucker rank 1% = (19,19, 19), Ar = (Ary, Ary, Ars), and
rmax — (r1rnax rg]ax réﬂ&lx).

Output: the reconstructed tensor V.

1. Initialization: A} = rand(dy x ra), X = rand(r3 x [Tpn dm).
Y =7Pq(F),and k= 1.

2. while not converged do:

30 XK < (ADTAL + pl)T(ARTYE) + pXE), n=1,2.3.

4. AR < vk DT 4+ pAD XN XEDT + ph)T,

n=1,2,3.
Y3 _, anfoldn (AKXK+ oYK )
5. Y1 Py (D( e ) o ) ) 4 .
4, k < k+1.
5. end while
6. return ).

maximum Tucker rank. More specifically, when the r; increased at
iteration k + 1, the AX*! will be updated to [Ak, rand(d,, Ary)] and
X,’{“ will be updated to [X,ﬁ‘; rand(Ary, sp)] with s, = ]'[m#n dm, ie.,
adding randomly generated columns Ar, to Ak and randomly gen-
erated rows Ar, to XX, In the beginning, we can efficiently obtain

: house, barbara, tulips, and pepper. From left to right: the observed data, the recovered

the structure of the underlying tensor by adopting low-rank es-
timation, while we can get more details recovered with the rank
increasing. In this paper, we set the tolerance y = 10~3 for color
image data and y = 10~2 for video and MSI data.

4. Experiments results

In this section, we evaluate the performance of the proposed
model on three kinds of tensors: color image, video, and MSI. To
validate the effectiveness of the proposed method, we adopt five
compared methods: TMac [35], MF-TV [37], TNN [45], LRTC-TV-II
[42], and SPC-QV [36]. The introduction of those models are pro-
vided in Table 1.

The peak signal to noise rate (PSNR) and structural similar-
ity index (SSIM) [63] are adopted to measure the quality of each
method. The stopping criterion of all the methods above relies on
the relative change (RelCha) of the two successive reconstructed
|‘yk+17yk|‘F
G
experiments, the parameters are set as following: the parameter of
proximal operator p = 0.1, the weights o, =1/3 (n=1,2,3), the
tolerance € =3 x 1074, A, = (5,5, 5), and the denoiser parameter
o is selected from the set {5, 10, 15, 20}. By adopting the Plug
and Play framework, we can flexibly choose the denoiser D with
the corresponding data. In all experiments, TMac [35] and MF-TV
[37] are implemented using the default setting in [37]. TNN [45],

tensors, i.e., RelCha = < &, where ¢ is a tolerance. In our
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Table 2

The PSNR, SSIM, and average CPU time (seconds) of the results reconstructed by TMac [35], MF-TV [37], TNN [45], LRTC-TV-II [42],
SPC-QV [36], and NLS-LR for color image completion on different sampling rates and images.

Color image SR 5% 10% 20% Time
Method PSNR SSIM PSNR SSIM PSNR SSIM
House TMac 5.624 0.013 6.932 0.022 11.378 0.145 10.3437
MEF-TV 6.344 0.022 9.243 0.050 18.959 0.364 647.459
TNN 17.887 0.256 20.683 0.387 24.820 0.607 3.694
LRTC-TV-II 23.723 0.716 25.921 0.778 28.476 0.840 42.441
SPC-QV 23.983 0.695 25.686 0.752 27.248 0.808 24.086
NLS-LR 26.875 0.784 30.353 0.826 33.189 0.866 148.385
Barbara TMac 5.756 0.015 7.536 0.027 9.141 0.059 8.463
MF-TV 8.042 0.046 9.427 0.087 12.916 0.226 619.314
TNN 16.474 0.226 19.041 0.362 22.621 0.573 3.362
LRTC-TVII 22.785 0.649 24.328 0.724 26.366 0.803 43.498
SPC-QV 22.783 0.634 24.908 0.729 27.213 0.816 28.323
NLS-LR 24.776 0.743 27.736 0.821 30.791 0.891 136.138
Lena TMac 5.756 0.015 6.517 0.023 8.516 0.057 9.672
MF-TV 6.456 0.030 7.819 0.044 12.276 0.276 611.858
TNN 16.968 0.220 19.642 0.350 23.251 0.557 3.441
LRTC-TV-II 23.558 0.701 26.044 0.790 28.887 0.873 43,783
SPC-QV 23.644 0.682 25.476 0.753 27.603 0.827 26.910
NLS-LR 25.527 0.767 27.991 0.835 30.977 0.899 138.996
Tulips TMac 6.232 0.017 6.679 0.027 7.751 0.058 10.021
MEF-TV 7.298 0.041 9.735 0.124 14.643 0.320 618.446
TNN 12.656 0.118 14.429 0.205 17.627 0.388 3.248
LRTC-TV-II 18.634 0.522 20.521 0.630 23.339 0.765 42.355
SPC-QV 19.137 0.533 21.892 0.677 24.629 0.792 41.269
NLS-LR 20.720 0.646 24.123 0.780 27.517 0.869 134.893
Sails TMac 6.643 0.013 7.115 0.022 8.260 0.045 9.802
MEF-TV 7.440 0.046 8.663 0.087 11.512 0.211 661.248
TNN 16.839 0.196 18.400 0.296 20.909 0.485 3.343
LRTC-TV-II 21.156 0.468 22.105 0.528 23.973 0.662 42.012
SPC-QV 21.221 0.463 22.958 0.586 25.203 0.733 34.994
NLS-LR 21.907 0.499 24.120 0.643 26.890 0.785 135.590
Sailboat TMac 5.611 0.018 6.146 0.031 7.423 0.066 10.006
MF-TVc 6.626 0.037 8.602 0.094 12.683 0.266 597.596
TNN 15.925 0.238 17.827 0.340 20.705 0.517 3.321
LRTC-TV-II 20.142 0.624 21.065 0.676 23.116 0.771 42.388
SPC-QV 20.627 0.593 22.502 0.689 24.843 0.787 32.774
NLS-LR 21.017 0.662 23.241 0.762 25.756 0.846 132.719
Airplane TMac 2.879 0.008 4.147 0.014 9.193 0.051 9.573
MEF-TV 3.561 0.015 5.606 0.027 13.288 0.219 562.817
TNN 16.946 0.286 18.883 0.399 22.046 0.587 3.715
LRTC-TV-II 20.885 0.691 22.561 0.763 26.265 0.878 41.958
SPC-QV 21.294 0.659 23.183 0.735 25.054 0.802 24.444
NLS-LR 22.713 0.756 25.373 0.833 28.423 0.896 53.327
Pepper TMac 6.522 0.020 7.121 0.029 8.626 0.059 10.184
MF-TV 7.118 0.037 8.355 0.056 13.669 0.250 670.287
TNN 14.305 0.140 16.940 0.245 20.394 0.447 3.294
LRTC-TV-II 22.445 0.710 24.497 0.793 26.914 0.867 42.451
SPC-QV 21.661 0.646 23.861 0.736 26.455 0.818 32.527
NLS-LR 24.079 0.766 26.864 0.839 29.775 0.900 120.097

LRTC-TV-II [42], and SPC-QV [36] are implemented using the pa-
rameters specified optimally by following the corresponding pa-
pers and models. All experiments were performed on the platform
of Windows 10 and MATLAB (R2018a) with an Intel Core i7-8700K
3.70 GHz and 32GB RAM.

4.1. Color image

In this subsection, we test the proposed model on eight color
images, named barbara, lena, house, sailboat, tulips, sails, airplane,
and pepper. The color images are shown in Fig. 1 and all images
are of size 256 x 256 x 3. The incompleted tensors are generated
by randomly sampling elements and the sampling rates (SRs) are
set to be 5%, 10%, and 20%, respectively. The initial Tucker rank
% = (10, 10, 3) and the maxium Tucker rank r™¥ = (125, 125, 3).
For color image data, we adopt an off-the-shell CBM3D to be the
denoiser and set the denoiser parameter to be o = 10.

Table 2 presents the PSNR, SSIM, and average CPU time
(seconds) of the reconstructed results obtained by NLS-LR and
compared methods. Experimental results prove that NLS-LR con-
sistently gains the best performances in terms of PSNR and SSIM.
To further compare the results, we select four images house,
barbara, tulips, and pepper to be displayed in Fig. 2. As observed,
NLS-LR produces the best visual effect, especially for the images
which have abundant details, such as barbara and house. Compared
with TMac, NLS-LR gains a huge improvement, which reveals the
effectiveness of our regularizer. TMac and MF-TV only consider the
global low-rankness and neglect the relationship of the third di-
mension, so they are hard to reconstruct the color images. SPC-QV
and LRTC-TV-II with the smoothness prior get commendable per-
formance. However, the methods with smoothness priors usually
have a staircase effect, leading to indistinct details. This is where
the non-local method matters, we see that our non-local regular-
izer gets better performances on preserving the abundant details.
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Table 3

The PSNR,SSIM, and average CPU time (seconds) of the results reconstructed by TMac [35], MF-TV [37], TNN [45], LRTC-TV-II [42],
SPC-QV [36], and NLS-LR for text masked image, gridlines damaged image, and scratched image.

Type Text masked image Gridlines damaged image Scratched image

Method PSNR SSIM Time PSNR SSIM Time PSNR SSIM Time
TMac 13.042 0.522 27.313 13.725 0.611 25.462 11.884 0.538 30.598
MF-TV 20.359 0.717 660.750 15.947 0.660 604.815 12.597 0.575 630.061
TNN 25.753 0.820 4.420 26.259 0.831 4.389 23.727 0.777 4.602
LRTC-TV-II 28.933 0.918 40.315 29.453 0.925 40.643 26.512 0.849 40.791
SPC-QV 28.095 0.889 18.721 27.208 0.866 14.629 25.228 0.818 25.287
NLS-LR 32.202 0.956 46.533 31.167 0.946 68.442 27.447 0.877 132.737

Fig. 3. Reconstrcted results for various incomplete color image data. From top to bottom : text masked image, gridlines damaged image, and scratched image. From left to
right: the observed data, the recovered results by TMac, MF-TV, TNN, LRTC-TV-II, SPC-QV, NLS-LR, and the original data.

The reconstructed results of three kinds of incomplete color
image data are displayed in Fig. 3. Table 3 summaries the PSNR,
SSIM, and CPU time (seconds) of them. The test data include a
masked image of barbara, a gridlines damaged image of lena, and a
scratched image of sails. We can observe that the proposed method
produces the best visual effect. It’s visible that there is little differ-
ence between our results and the original images, while the results
obtained by other methods are still not clear.

4.2. Video

In this section, we test five videos of size 144 x 176 x 150, in-
cluding suzie, news, foreman, and carphone. The maximum Tucker
rank is set to be r™M¥ = (105, 115, 75). In the experiment, we use
an off-the-shell video denoiser VBM3D [64] to be the denoiser and
the denoiser parameter is set to be o = 5. The observed tensors
are randomly sampled by pixel and the SRs are set to be 5%, 10%,
and 20%, respectively. The PSNR, SSIM, and average CPU time (min-
utes) of the test videos reconstructed by different methods are
shown in Table 4. As observed, the proposed method is superior
to the compared methods in terms of both PSNR and SSIM values.
Meanwhile, the time cost of NLS-LR is acceptable. Fig. 4 shows one
frame of five videos which are reconstructed by different methods.
TMac and MF-TV neglect the correlation of the third direction, thus
their results remain a fair result on high sampling rates, while at a
low sampling rate, their results contain evident blurry areas, lead-
ing to some details missing. It is obvious that NLS-LR achieves the

best reconstructed visual results. Especially for the moving objects,
NLS-LR obtains the best recovering performances.

4.3. Multispectral image

In this section, Columbia multispectral image database' is used
to test the performances of different methods. The MSI data are
size of 256 x 256 x 31. The maximum Tucker rank is set to be
rmax — (185, 185,5). The SRs are set to be 5%, 10%, and 20%, re-
spectively. For MSI data, which is consisted of multiple bands, we
input the n-th band and its two adjacent bands to CBM3D and
the denoiser parameter is set to be ¢ =5. Table 5 summaries
the PSNR, SSIM, and average CPU time (minutes) obtained by the
compared methods and the proposed method. It can be seen that
the results obtained by NLS-LR are still superior to the compared
methods. Fig. 5 provides the reconstructed results of MSI data.
We observe that the proposed method obtains a commendable
performance.

5. Discussion
5.1. Parameter analysis

In this subsection, we analyze the effect of the existing param-
eters of the algorithm. In the proposed model, p represents the

1 http://www.cs.columbia.edu/CAVE/databases/multispectral/.
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Table 4
The PSNR, SSIM, and average CPU time (minutes) of the results reconstructed by TMac [35], MF-TV [37], TNN [45], LRTC-TV-II [42],
SPC-QV [36], and NLS-LR for video completion on different sampling rates and videos.

Video SR 5% 10% 20% Time
Method PSNR SSIM PSNR SSIM PSNR SSIM

Hall TMac 14.681 0.480 24916 0.832 34.001 0.948 2.886
MEF-TV 16.706 0.523 28.905 0.880 34.384 0.947 49.732
TNN 29.720 0.917 32.434 0.946 35.229 0.965 1.191
LRTC-TV-II 20.288 0.603 21.931 0.705 24.151 0.823 8.751
SPC-QV 27.492 0.877 29.024 0.905 30.272 0.924 36.961
NLS-LR 31.219 0.937 34.817 0.965 38.314 0.980 11.934

Coastguard TMac 7.331 0.018 8.366 0.031 11.215 0.102 2.275
MEF-TV 7.962 0.035 9.338 0.060 13.913 0.171 180.996
TNN 23.541 0.551 25.180 0.648 27.237 0.754 0.979
LRTC-TV-II 20.743 0.466 21.935 0.549 25.535 0.723 9.116
SPC-QV 23.855 0.586 25.193 0.666 26.812 0.755 22.272
NLS-LR 25.775 0.675 28.230 0.769 31.378 0.866 23.198

News TMac 10.323 0.088 12.447 0.225 19.066 0.570 3.661
MEF-TV 11.228 0.117 14.336 0.263 26.157 0.728 191.925
TNN 27.394 0.816 29.610 0.873 32314 0.921 1.535
LRTC-TV-II 20.878 0.688 22.392 0.764 25.083 0.867 9.998
SPC-QV 27.243 0.845 29.215 0.890 31.576 0.928 22.621
NLS-LR 29.978 0.904 33.347 0.946 36.803 0.971 16.926

Foreman TMac 7.586 0.018 13.634 0.270 28.835 0.831 3.979
MF-TV 8.560 0.030 17.228 0.400 31.364 0.872 171.686
TNN 22.738 0.515 25.419 0.650 28.164 0.770 0.979
LRTC-TV-II 20.473 0.631 22.652 0.740 27.069 0.874 9.975
SPC-QV 26.097 0.755 27.702 0.808 29.132 0.848 21.297
NLS-LR 27.734 0.828 30.873 0.895 34.529 0.943 15.802

Suzie TMac 11.663 0.047 17.706 0.488 27.219 0.816 3.903
MF-TV 13.712 0.092 22.308 0.609 32.015 0.873 172.522
TNN 25.801 0.666 28.116 0.748 30.694 0.831 0.926
LRTC-TV-II 24.900 0.725 28.253 0.814 31.679 0.891 9.932
SPC-QV 29.127 0.812 30.786 0.851 32.012 0.877 20.537
NLS-LR 30.030 0.840 32.689 0.886 35.651 0.928 15.627

Fig. 4. One frame of five reconstructed videos coastguard, suzie, news, foreman, and hall with SR = 10%. From left to right: the observed data, the recovered results by TMac,
MF-TV, TNN, LRTC-TV-II, SPC-QV, NLS-LR, and the original data.
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Table 5

The PSNR,SSIM, and average CPU time (minutes) of the results reconstructed by TMac [35], MF-TV [37], TNN [45], LRTC-TV-II [42],
SPC-QV [36], and NLS-LR for MSI completion on different sampling rates and different MSI data.

MSI SR 5% 10% 20% Time
Method PSNR SSIM PSNR SSIM PSNR SSIM

Cloth TMac 11.164 0.109 12.196 0.237 29.346 0.829 1.566
MF-TV 14.483 0.209 19.102 0.445 29.346 0.829 107.226
TNN 21.972 0.532 25.266 0.736 29.835 0.882 0.979
LRTC-TV-II 19.605 0.350 21.402 0.502 24.081 0.692 9.975
SPC-QV 23.639 0.627 25.431 0.748 27.901 0.853 21.297
NLS-LR 25.082 0.709 28.223 0.843 32.640 0.935 15.802

Beads TMac 13.942 0.143 14.516 0.195 16.207 0.383 1.175
MEF-TV 16.345 0.234 18.490 0.363 22.679 0.587 94.557
TNN 20.202 0.449 23.516 0.660 28.154 0.842 0.690
LRTC-TV-II 17.897 0.387 20.271 0.588 24.373 0.792 4.958
SPC-QV 24.668 0.745 27.174 0.840 29.970 0.906 12.469
NLS-LR 25.859 0.801 28.915 0.894 32.780 0.951 37.881

Toy TMac 12.130 0.461 14.745 0.660 24.682 0.899 2.641
MF-TV 13.838 0.519 18.929 0.742 38.159 0.971 157.783
TNN 28.883 0.843 32.599 0.917 37.552 0.967 0.726
LRTC-TV-II 23.433 0.774 26.983 0.893 30.489 0.935 4.925
SPC-QV 29.821 0.895 32.875 0.940 35.156 0.960 8.707
NLS-LR 31.957 0.936 35.439 0.965 39.533 0.984 11.774

Fig. 5. The pseudo-color images (R-10G-20 B-30) of three reconstructed MSI data cloth, beads, and toy with SR = 10%. From left to right: the observed data, the recovered
results by TMac, MF-TV, TNN, LRTC-TV-II, SPC-QV, NLS-LR, and the original data. For better visualization, the intensity of the pixels has been adjusted.

proximal operator, A denotes the regularization parameter, and the
denoiser parameter o is denoted as o = /ﬁ. The value of A can

be calculated by A =o2(1+ p) given the values of p and o. In
Fig. 6, we demonstrate the PSNR values of the results by NLS-LR
with respect to p and o, on color image barbara with SR=10%. It
is observed that the proximal parameter causes a slight difference
in the final performance. Fig. 6 illustrates that the denoiser param-
eter o is effective to its performance. Because the outcome will
perform over-smoothing if o is too large, while it is hard to re-
cover the underlying tensor if o is set to be small. Thus, we should
carefully choose the value of denoiser parameter o to get an
appropriate outcome.

5.2. Complexity analysis

Given a three-way tensor Y e R%Uixd2xds  the complex-
ity of X-subproblem and A-subproblem at each iteration is
O(Xazy (dntusn + r2sn + dar2 +73)),  where sy =301y dm

and (rq, 1y, 13) is the Tucker rank of ). For the Y-subproblem, the
complexity at each iteration is O( Zﬁ:l (dnTnSn + R)), where R rep-
resents the computational cost of the denoiser engine, e.g. CBM3D
[47] and VBM3D [64]. Therefore, the total computational complex-
ity at each iteration is O( >3 (dntaSn + r2sn + dnr2 +13 + R)).
For example, if the denoiser engine is CBM3D, the computational
complexity  is O(Ziﬂ (dnTnSn + 12sn +dnr2 + 13 + Cd1d2d3)),
where C is a constant related to the parameters set in
CBM3D.

5.3. Convergence

Although the Plug and Play framework has been widely proven
to be effective, it still remains an open question whether the PnP
framework can be written as a convex model that has a good
property of convergence [65,66]. In Fig. 7, we display the RelCha
curve of barbara with SR = 10%. Factly, it can be observed that the
proposed algorithm has an obvious convergence.
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Fig. 6. The PSNR values with respect to iterations for different proximal parameter
p and denoiser parameter o.
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Fig. 7. The convergence curve with respect to iterations.

6. Concluding remarks

In this paper, we proposed a novel low-rank tensor completion
model, which integrated low-rank constrains with non-local self-
similar regularizer using Plug and Play framework. We adopted
the low-rank matrix factorization to guarantee the global low-
rankness of the underlying tensor and enhanced the self-similarity
of the tensor by employing off-the-shell denoisers (i.e., CBM3D and
VBM3D). We adopted the BSUM algorithm to solve the minimizing
problem. The numerical experiments showed the effectiveness of
the proposed method in preserving the abundant details, which
demonstrated its superiorities to many state-of-the-art meth-
ods. The tensor reconstructed by the proposed method produced
better visual effects and gained the best quality metrics.
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