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ARTICLE INFO ABSTRACT

Msc: Tensor completion aims at estimating the missing entries from the incomplete observation. Under
15A69 the tensor singular value decomposition framework, the exact recovery of a low-tubal-rank third-
65F99

order tensor could be achieved via convex optimization with high probability if the tensor satisfies
the tensor incoherence condition. In this work, we show that, when the random selection of entries
is made adaptive to a distribution which is dependent on the coherence structure of the tensor,
. . any low-tubal-rank tensor of the size n X n X n with tubal-rank r can be exactly recovered with
Adaptive sampling A . P N A
Tensor singular value decomposition high probability from as few as O(rn* log”(n)) randomly chosen entries. In practice, tensor leverage
Low-rank scores are not known a priori, and we design a two-phase adaptive sampling strategy to obtain the
leverage scores. Numerical experiments on synthetic and real-world third-order tensor data sets
are used to validate our theoretical results and illustrate that the tensor recovery performance of
the proposed two-phase adaptive sampling scheme is better than that of the other state-of-the-art
methods.

Keywords:
Tensor completion

1. Introduction

The main aim of tensor completion is to estimate the missing or unobserved entries from incomplete observation. It is an important
problem that has appeared in the literature of a diverse set of fields including color image inpainting [1-4], video inpainting [5], and
remote sensing hyperspectral image restoration [6,7] to name a few. Similar to matrix completion, tensor completion is an ill-posed
problem and some prior or assumptions are needed. For the matrix case, the common assumption is to suppose that the unknown
matrix is low-rank or approximately low-rank. One can recover a low-rank matrix by solving the following convex optimization
problem

min X s.t. Po(X) = Pn(0), 1
Jin, XL o(X) = Po(0) &
where X is the underlying matrix, O € R"1*"™ is the original matrix, Q is the support of the observed entries, Pq(-) is the projection
operator keeping the elements in Q2 while making others to be zeros, and || - ||, is the matrix nuclear norm defined as the sum of
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singular values, being the convex envelope of the matrix rank within a certain set. The nuclear norm of A can also be calculated as
trace(\/A*A), where % means complex conjugate.

The low-rank matrix completion (LRMC) problem in (1) can be efficiently optimized by the alternating direction method of
multipliers (ADMM) [8,9] with the singular value thresholding (SVT) operator [10]. Candés and Recht [11] showed that one can
perfectly recover most low-rank matrices from an incomplete set of entries, which are uniformly sampled at random, via (1) with
high probability (w.h.p.) if O satisfies the incoherence condition. Intuitively, the incoherence condition requires the matrix O not
to be sparse. Also, when the incoherence condition is satisfied, nuclear norm minimization can produce the minimum rank solution
[12]. Candeés and Tao [13] presented the information limit for the minimum number of entries needed to recover a matrix of rank r
exactly by any method in follow-on work. Then, Recht [14] provided a simpler proof with the help of the Noncommutative Bernstein
Inequality [15]. In [16], the joint incoherence condition is successfully removed by using the ¢, , norm to get a similar bound when
constructing a dual certificate to ensure the solution is the unique minimizer of the optimization program. In [17], Chen et al. showed
that the incoherence is actually required because of the uniform sampling and further considers the leveraged sampling, i.e., random
sampling conducted according to a specific biased distribution dependent on the coherence structure of the matrix.

When it comes to tensors, three categories of low-rank tensor completion (LRTC) methods can be found.! They are based on the
CANDECOMP/PARAFAC (CP) decomposition [21-23], the Tucker decomposition [24,2], and the tensor train (TT) or tensor ring
(TC) decomposition [25-28], respectively. As discussed in [29], being NP-hard to compute the CP-rank [18] and unrevealed convex
envelope of the CP-rank make the low-CP-rank tensor recovery challenging. Meanwhile, provable guarantees for low-Tucker-rank
tensor recovery [30-32] and low TT (or TR) -rank tensor recovery [33,34] are given with employing the theory and methods for
matrix completion after matricizing the tensor in various ways.

In this work, we mainly focus on another type of LRTC methods based on the tensor singular value decomposition (t-SVD) frame-
work [35-38], in which the fundamental tensor-tensor product (t-prod) operation is closed on the set of third-order tensors and allows
new extensions of familiar matrix analysis to the third-order tensors while avoiding the loss of information inherent in matricizing or
flattening [38]. More specifically, we consider the following tensor tubal nuclear norm (TNN, subsequently defined in Definition 10)
minimization model [39] for third-order tensor completion:

i ¥l st Pa(X) = Pa(0), @
where X is the underlying tensor, @ € R"*"2%"3 is the original tensor. As shown in [39], a tensor O of the tubal-rank r can be ex-
actly recovered w.h.p. via solving (2) provided that elements are uniformly sampled at random and O satisfies the tensor incoherent
condition. Similar to the matrix case, required number of measurements in (2) is in direct proportion to rnn; logz(n(l)n3), where
ny = max(ny,n,). In [29], linear invertible transform is used to construct the t-prod and t-SVD framework. Song et al. [40] theoreti-
cally provide bounds for exact robust tensor completion using unitary transform based t-SVD. In [41], Liu et al. also minimized the
TNN to complete the fingerprint data, while they further consider a two-pass adaptive tubal-wise sampling strategy in their indoor
localization application. Provided that the total sampling budget is M tubes, in the 1st-pass sampling, 6 M (0 < ¢ < 1) tubes are
sampled uniformly at random. Then, in the 2nd-pass sampling, remaining (1 — c) M tubes are allocated to those highly informative
columns identified by the 1st-pass sampling. This two-pass adaptive sampling strategy results in an attractive improvement over (uni-
form) random sampling in localization accuracy for the same sample complexity. Meanwhile, completing the coherent low-tubal-rank
tensor is also studied in a pioneer work [42], while the authors only studied the sufficient condition of exact completion without
experimental validations.

The main aim of this work is to break through the requirement of the tensor incoherence via providing the theoretical guarantees
for any low-rank tensor completion from a subset of entries, which are adaptively sampled at random. Our main contributions are
listed as follows:

« The first contribution which is also our key innovation is that we define tensor leverage scores, which can be viewed as the
local versions of the standard tensor incoherence parameter to measure the coherence structure of the low-rank tensor. Then,
we prove that any low-tubal-rank tensor (of the size n X n X n and tubal-rank r) can be exactly recovered w.h.p. from as few
as O(rn? log*(n)) observed entries via solving the convex optimization problem in (2), if the probability of an element being
observed is in proportion to the sum of related tensor leverage scores.

A two-phase adaptive sampling strategy is provided when tensor leverage scores are not known a priori. When the amount of
elements to be sampled is determined, a portion of entries is first sampled uniformly at random. Then, the tensor leverage scores
are estimated via t-SVD on the samples in the first phase. Then, the remaining entries are sampled according to estimated tensor
leverage scores.

Numerical results on the synthetic data are reported to verify our theoretical results and the effectiveness of the two-phase
adaptive sampling. Experiments on color images further illustrate the superiority of our method over state-of-the-art methods.
Meanwhile, for the traffic data imputation, it is shown that the temporal periodicity can be utilized to well estimate the leverage
score, further illustrating the practical application value of our method.

1 Please refer to [18-20] for a comprehensive overview.
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Uniform [39] Inv-leveraged Inv-two-phase Favoured pixels
PSNR: 39.13 PSNR: 34.70 PSNR: 37.50 of inv-leveraged
Original image Leveraged Two-phase Favoured pixels
PSNR: +o0 PSNR: 44.42 PSNR: 42.15 of leveraged

Fig. 1. Tensor completion results for a color image with 50% missing entries with different sampling strategies. All the results are obtained via minimizing the
tensor nuclear norm [39]. “Uniform” indicates uniform sampling at random. “Leveraged” denotes adaptive sampling according to probabilities in direct proportion to
tensor leverage scores while probabilities for “Inv-leveraged” are inversely proportional to tensor leverage scores. “Two-phase” and “Inv-two-phase” stand for random
sampling in the second phase using the leveraged sampling and inv-leveraged sampling, respectively. The favored pixels in the last column are from the element-wise
multiplication between the probabilities, which are scaled to [0, 1], and the original image.

We show in Fig. 1 that when the random sampling of a real-world color image is conducted according to the tensor leverage scores,
i.e., “Leveraged” and “Two-phase” (to be introduced in Sect. 3.2), the color image completion results are obviously better than that
of the uniformly random sampling. Moreover, if elements are randomly sampled according to probabilities inversely proportional to
tensor leverage scores, results evidently become inferior. Meanwhile, we can see that, for the image in Fig. 1, the leveraged sampling
favors pixels in the foreground in stead of those in the homogeneous background, generating promising results.

From the definition of the tensor leverage score (to be introduced in Sect. 3.2), we can see that it measures how well a low-
dimensional subspace corresponds to coordinate subspaces [43]. Meanwhile, from Theorem 5.3 in [44], we can see that approximating
the tensor with the t-SVD framework has less error than with the matrix method. Thus, we can deduce that the low-rank subspace
generated by t-SVD is closer to the original tensor than that of the matrix method. Therefore the tensor leverage score captures the
importance of the original tensor information better than the matrix counterpart.

The remainder of this paper is organized as follows. Sect. 2 introduces the basic tensor notations and preliminaries for the t-SVD
framework. Our main results are given in Sect. 3. We report the experimental results in Sect. 4. Finally, Sect. 5 discusses limitations
and draws some conclusions.

2. Notations and preliminaries

Throughout this paper, we use lowercase letters, e.g., x, boldface lowercase letters, e.g., X, boldface upper-case letters, e.g., X,
and boldface calligraphic letters, e.g., X, to denote scalars, vectors, matrices, and tensors, respectively. &; k18 used to denote the
(i, j, k)-th element of a given third-order tensor X € R"1*"2%"3_ The k-th frontal slice of X is denoted as X% (or X(:,:,k)). In this
paper, we use X to denote the transformed tensor by performing one-dimensional discrete Fourier transform (DFT) along the mode-3
fibers (tubes) of X.2

Definition 1 (Tensor conjugate transpose [38]). The conjugate transpose of a tensor A € R"1XX"3 denoted as AT € R™*"X"3 s
obtained by conjugate transposing each of the frontal slices and then reversing the order of transposed frontal slices 2 through n5:

2 ¥ can be efficiently computed by using the fast Fourier transform (FFT) and obtained via the Matlab command ££t(X,[],3).
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(AN =AM,
AN =(AMB+2=NT j=2 ... 13,

where (-)T denotes the matrix conjugate transpose.

Definition 2 (T-prod [38]). The t-prod C = A * B between A € R"1*"2%"3 and B € R"™*"4>"3 is an n; X ny X n; tensor whose (i, j)-th
tube C(i, j, :) is given by

ny
Cli.j, )= Y Alik, ) ® Blk, j, ),
k=1

where @ denotes the circular convolution between two same sized tubes.

Definition 3 (Special tensor [38]). The identity tensor I € R™*"1*" js the tensor whose first frontal slice is the n; X n; identity
matrix, and whose other frontal slices are all zeros. A tensor Q € C"*"1*"3 is orthogonal if it satisfies 0T %xQ=0+Q" =1. A tensor
A is called f-diagonal if each frontal slice .A® is a diagonal matrix.

Definition 4 (Block diagonal form of third-order tensor [5]). Let A denote the block-diagonal matrix of the tensor .4 in the Fourier
domain, i.e.,

A 2 blockdiag(A)

A
A®

>

e Cnln3xn2n3
A3

— —T
It is easy to verify that the block diagonal matrix of AT is equal to the transpose of the block diagonal matrix of A, i.e., AT=A .
We also have that

Definition 5 (Tensor Singular Value Decomposition (t-SVD) [37,38]). For A € R"1*"2X"3 the t-SVD of A is given by

A=U+S+VT,

where # is the t-prod, U € R"*"1*"3 and Y € R"2*"2*"3 are orthogonal tensors, S € R™"*"2%"3 is an f-diagonal tensor, and entries in
S are called the singular values of A.

Definition 6 (Tensor tubal-rank [39]). The tensor tubal-rank of A is defined to be the number of non-zero singular tubes of S, where
S comes from the t-SVDof A : A=V %S VT,

An alternative definition of the tensor tubal-rank is that it is the largest rank of all the frontal slices of A in Fourier domain. If we
say a third-order tensor A is of full tubal-rank, it means r = min{n,n,}.

Definition 7 (Tensor operator and tensor operator norm [39]). Tensor operators are denoted by Calligraphic letters. Let £ be a tensor
operator mapping a tensor A € R"*"2%"3 to a tensor 3 € R™*"2%"3 via the t-product as follows:

B=L(A)=Lx* A,

where £ € R™*"1*"3_ Then, the tensor operator norm of L is defined as

ILllop = sup LX) F-
{Xllxl <t}

Definition 8 (Tensor spectral norm and infinity norm [39]). The tensor spectral norm ||.A|| is defined as the largest singular value of
A and the tensor infinity norm || A||, is defined as the largest absolute value of A.

Moreover, we have that || A|| = ||Z||.

Definition 9 (Inner product of tensors [39]). If A and BB are third-order tensors of same size n; X n, X ns, then the inner product
between A and B is defined as the following,
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1 —T—
(A, By = —trace(B A),
3

where 1/n; comes from the normalization constant of the FFT. Because of the conjugate symmetric property of the FFT, this inner
product produces a real-valued result.

Subsequently, the tensor Frobenius norm is defined as
1
lAllF=(A,A)Z,
and we can easily verify that ||A| =

-
\/E”A”F'

Definition 10 (Tubal nuclear norm (TNN) [39]). The tubal nuclear norm of a tensor A, denoted as || A|ltyy, is the sum of singular
values of all the frontal slices of .A. In particular,

1Al = 1AL
Definition 11 (Tensor basis [39]). The tensor column basis ¢; € R"1*1*"3 is defined with one entry equaling 1 and the rest equaling
zero. The nonzero entry 1 will only appear at the first frontal slice of ¢;. Naturally, its transpose e?,.T is called row basis. The tensor

tube basis is ¢; € R1X1*3 is defined with the i-th entry equaling to 1 and rest equaling to 0.

Definition 12 (/,, norm of tensor column [39]). Let X be an n; X 1 X n3 tensor column, we define an /,, norm on it as follows

%1l =

3. Main results
In this section, we consider the low-tubal-rank tensor completion problem via solving the following tensor nuclear norm mini-
mization model. The TNN minimization model is formulated as follows
min [|X
in (12l

s.t. Xijk = Mijk,(i7ja k) €Q,

3

where Q is the index set of observed entries. Different from previous works, in which Q is generated via uniformly random sampling,
our work considers the situation where the elements are randomly chosen according to a specific biased distribution. Before giving
the specific distribution, the definition of the tensor leverage score is needed.

Definition 13 (Tensor Leverage Score). Let the reduced t-SVD of a tensor M be U % S % V7. Its (normalized) leverage scores p;(M)
for the i-th tensor row M(i, :, :) and v;(M) for the j-th tensor column M(:, j, :) are defined as

n TL=F .
wM) = =HUT g L i=120m,
r

2%

4

I Lt REELERS

The tensor incoherent condition in (25) of [39] represents the case that all leverage scores are bounded by .

Theorem 1. Suppose M is an n; X n, X n tensor and its reduced t-SVD is given by U" % S % VT where U" € R"*"™"3, S € R™™"3 and
V € R"™X™"3, There is a universal constant ¢, > 0 such that, if each element (i, j, k) is independently observed with probability p; i, and p;
satisfies

) { (M,-(M)+vj(M))r10g2((nl+n2)n3) }
p,ijmln Cy 1%,

min{n,ny}

8
pijk Z—’
: 8,11
min{ny,n,y}°n;

then M is the unique minimizer to (3) with probability at least 1 — 5(n; + n,)~1°.

Remark 1. The second inequality in Theorem 1 only requires all p;;, being non-zero. The specific value of  comes from

min(nl,nz}sné
the scaling of some inequalities in our proof of Theorem 1. This lower bound could be adjusted while the probability of successful
recovery will also change accordingly.
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Remark 2. If p;;; in Theorem 1 are all the same, indicating the uniformly random sampling, and all tensor leverage scores are upper
bounded by y, our theoretical result in Theorem 1 would reduce to the existing guarantees for incoherent tensors with uniformly
random sampling in [39].

Remark 3. If n; = 1, Theorem 1 conforms to Theorem 2 in [17] and the road map of our analysis also largely follows the line in
[17]. However, as mentioned in [39], when n; > 1, under the leveraged sampling of the tensor, the problem does not reduce to
slice-wise matrix completion under leveraged sampling in the Fourier domain since the measurements are coupled. Thus, the main
difference brought in by the tensor case makes our analysis more difficult than [17], as the sampling is in the original domain while
the tensor-tensor product is computed in the Fourier transformed domain.

We can easily deduce that the minimal expected number of observed elements for exact recovery of M in (3) is X, ;; p; ., and we
have

log?
Zpijk > max { Z 8 ’ Cor og”((ny + ny)nz) 2(”i(M) +vj(M))}

. 8 11 i
ijk ij.k (min{ny,ny}) ny min{ny,n,} ij.k

=2conzrmax{n,n,} log? ((”1 + nz)n3) .
3.1. Proof of Theorem 1

The proof of Theorem 1 follows by (i) verifying that M is the unique minimum tubal nuclear norm solution to (3) under specific
conditions, and (ii) then validating that such conditions are met w.h.p. under the conditions of Theorem 1.
Without loss of generality, we assume n; = n, = n. Let R : R"™"X"3 — R"X"X13 he a random projection as follows,

1 L
Ro(2)= Y — 8,328 # &, * ¢, ©)
i.j.k Fijk

where 6;;, =1 ; 1eq Is @ random variable and 1,) is the indicator function.
Before continuing, let’s define two projections P and Py, given that the t-SVD of M in (3)is U" # S * VT, as follows,

Pr(Z)=U VT« Z+Zx VsV U sUT «Zx Vs V',
Pri(Z2)=Z-Pr(Z)=T-U*UN+Zx(T-V*V"),

where T € R"™™"3 js the identity tensor. With projections defined above, the tensor space R™"*"3 is orthogonally decomposed into
T and T+ and they satisfy R =T @ T+,

Then, we give the following Proposition, to derive conditions required for verifying whether M is the unique minimum solution
to (3).

Proposition 1. The tensor M is the minimizer to (3) if the following conditions hold: (i) ||PrRqPr — Pr ||op < % ; (ii) there exists a tensor
Y such that Po(¥) = Y, IIPr(V) = U V|| < ==, and [ Pra D) < 5.
3

To prove Proposition 1, we restate some facts borrowed from [39] as follows

1P (D)l = 3 (UL # V[, Pri(2)),
Ml =13 (U % VT + U7 5 V], M),
V=V + U =V =1.

Meanwhile, the following lemma is needed. Its proof can be found in Appendix.

Lemma 1. Suppose |PrRoPr — Prllop < % Denote the smallest p; i aS ppy- Then for any Z such that Po(Z = 0), we have

V 2n3pmin

1P (Dl rnn > 5

IPr (D £
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Given any Z € R™"" such that Po(Z) =0 and the t-SVD of Pr.1(Z) to be Pr.i(Z)=V %S, * V|, we have
M+ Zliw 2 n3 (U = VT + U V] M+ 2Z)
= [Mlipny +n3 (U VT + VL % V], Z)
= [Mlleay + 13 (U = VT Pr(2)) +n3 (UL # V], Pri(2))
= Ml + 13 (U 5 VT = Pr(V). Pr(2)) +n3 (U # V] = Pra). Pra(2))
= 1Ml + (T V' =P Pr@)) + I1Prs Dl = (Pre (9, Pra(2)

> [| My = IV v - PrODplPr Dl + I1PrL(Dllnn = 1Pre ) PrL (Dl

Then, considering that the ||Pr.(Z2)||, is exactly the TNN of Pr.1(Z), we have

— =T
IM+ Zlltnn Z [IMllpnn = 1V Y = PP (DN F + 1Pro(Dllimn — IPreDINPro (D,
= ”M”TNN - n3||7/' * vT - pT(y)||F||pT(z)||F + ||PTJ-(Z)”TNN - ||pTJ-(y)”||PTJ-(Z)”TNN
1 1
2 Moy = == 1P (Dl + S 1PrL(Dllmen
n Vl3

> [ Ml

The above inequality is similar to [39] and interested readers can refer to it for detailed derivations. So far, for any X # M obeying
Po(X — M) =0, we have || X||ltny > [|M|lrnn> Which proves M is the unique minimizer of (3).

In the subsequent part, we will validate the first condition in Proposition 1, construct a tensor dual certificate ), and prove the
constructed Y satisfies both requirements of the second condition in Proposition 1.

28 log(nnz)(p;+v;)r

= ,1} for all (i, j, k), then

Lemma 2. If p;;; > min{
1

IPrRoPr = Prligp < 3

holds with probability at least 1 — 2(nn3)! 7.

Lemma 2, whose proof can be seen in Appendix, shows that condition 1 in Proposition 1 is satisfied w.h.p. if p; ; satisfies conditions
in Theorem 1.

The construction of the dual certificate follows the Golfing Scheme introduced by Gross [45] using the iterative strategy in
[14,17,16,39]. Let Q be a union of smaller sets &, such that Q = Uiith where t; = |5log(nns)]. For each ¢, it is assumed that

1
PLG.J. k) € Q] =gy =1~ (1= py)™.,

and it is not difficult to verify that it’s equivalent to our original Q. Define R, (Z) as follows
1 S e
Rﬂx(Z) = Z rl(i,j,k)eﬁrzijkei * € ok e}—,
ij.k 1ijk
Set W, = 0 being a zero tensor and for each r =1,2, - ,1,,
W, =W,y +Ro Pr(U VT = Pr(W,_))),
and tensor Y = W,O. By this construction we can see Pq(Y) =Y.
Fort=0,1,,1y, set D, =V % VT — P (W,). Then we have Dy =1+ VT and
D, =Py — PrRq, Pr)(D;_)).
3cp
Applying Lemma 2 with Q replaced by €,, with probability at least 1 — 2(nn3)(1_m), we obtain that
1
IDIF < 1Pr = PrRo, PrlioplDicille < 51Dy [l -

Applying the above inequality recursively with ¢ :=1,,¢, — 1, -+, 1, gives

1 r 1
IPrN) =V VT < GOV VTl < VoL

nd nz n*n

W

In order to proceed, we need more definitions.
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Definition 14 (Tensor u(co,2 *) norm). The u(oco,2 %) norm of a tensor Z € R"1X"X"3 js defined as

n Z 2 n Z 2
. =max< max .. max .
”Z”u(oo,l*) f o Zlbk J v.r Zajk
Hil b J" ak

Definition 15 (Tensor u(co) norm). The u(oo) norm of a tensor Z € R™>*"2%"3 js defined as

[n [n
Zijky| A o
wir \| v;r

Before we continue, three technical lemmas, whose proof can be found in Appendix, are shown as follows.

12le) 1= max

(/Ai+\{/)rlog2(2nn3)
0

- , we have

Lemma 3. If p;;;, > min{c ,1}, and Z € R™"™ "3 then for any constant ¢ > g 4

og(2nn3)

IRq(2) - ZIl < % (1Z11y00) + 1211 o029
0
holds with probability at least 1 — (2nn;)~(¢~D).

(;4,-+vj)rlog2(2nn3)

Lemma 4. If p;;, > min{c , 1}, for some constant c; making Z—' < CM) and Z € R™m3, then
0

n 48

1
IPrRo(2) = Pr(Dllueo 20 < 5 UM ooy + 1211 o020

holds with probability at least 1 — 2n%~¢1 n;(cl b,

2
w, 1}, and Z € R"™"™"3 | then

Lemma 5. If p;;; > min{c

1
IPrRoPr = Pr)Zll yeo) < 5”2”,4(00)

SeplogCany) |- 3¢g log(@nn3)

i iTi _ 2) 1 124
holds with probability at least 1 — 2n 124 ny

Ty
By the construction, Y can be rewritten as Z(RQT Pr)(D,_y). It follows that
t=1

1o
IPr O < Y (R, — DPr(D,_II-

t=1

Then, we apply Lemma 3, and have that, w.h.p.,

Io Io
Cc
IPr ) < —\/c_@ ID 1 ooy + 0 1Dt lyeo200)-
0 r=1 t=1

After applying Lemma 5, we have, w.h.p.,
1.,
1D -1 o) = 1P = PrRa, , Pr)Dsll yieo) < (5)’ v * VTllﬂ(oo).

Also, applying Lemma 4, we have, w.h.p.,
1D -1 o200 = 1P = PrRa,  PrIDi_slloo24)
1 1
< 5 1Dl ooy + 5 D2 1l y(oo,24)

_ 1
<) l”U*vT”M(eo)+5”1)1—2”;4(00,2*)

1

2
1 1

<= DTV Y ooy + TV Y oo

It follows that
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Algorithm 1 Two-phase sampling for tensor completion.

Input: Tubal-rank r, m, p €[0,1]

Step 1: Acquire the first index set Q; by sampling uniformly without replacement such that |Q, | = fm. Compute t-SVD of P,(M), INIEVT, and estimate the tensor
leverage scores ; and V;.

Step 2: Obtain the second index set €, by sampling without replacement according to the distribution (6). Then, solve the minimization problem in (7).

Output: The completed tensor M.

||7>Tlo7)||<—<2(t)( )" IIIU*VTIIM(OO)+Z( YTV % YTy 20)
\/_0 t=1
<4 |v V|

;4(00)+2 ”U*V ”y(ooZ*)
K V¢

With ¢, large enough, we can conclude that

1
1PrL ) £6— 5
As we have shown in the above argument, if p;, satisfies the inequalities in Theorem 1 for all (i, j, k), conditions in Proposition 1
are met with probability at least 1 — 5(n; + nz)_lo. Then, the proof of Theorem 1 follows directly from Proposition 1.

3.2. Two-phase adaptive sampling

We have seen that an arbitrary n x n X n; tensor with tubal-rank r can be exactly restored with O(nnsrlog®(nns)) elements which
are sampled according to the tensor leverage scores. A pertinent question is how to conduct the random sampling according to the
probability described in Theorem 1 when tensor leverage scores are not known a priori. In this part, we proposed a two-phase adaptive
sampling strategy, which is greatly inspired by [17].

Suppose m elements of M € R"1>*"2X" in (3) can be randomly observed, we can estimate the tensor leverage scores of the
underlying tensor from the set of indices Q, obtained by first sampling uniformly without replacement, where |Q, | = fmand § € [0, 1]
is the proportion of the index number of Q; to the sample budget m. Then, we compute the t-SVD of Py (M), i.e., Po (M) =T *

Sy V7. Let U= V(i1 0 r, ) € R and V= Vi(:,1:r, 1) € R Thus, the estimated leverage scores values of j; and

values of v V; can be obtained via (4) using U and V. Second, we generate the index set €,, which contains the remaining (1 — f)m
entries of the tensor M, by sampling without replacement with distribution

(i; + 0,)rlog*(2min{ny, ny }n3)

Pijk " ®
Then, we solve the following problem to obtain the final completion result.
M=arg min [y 5t Po,u, (X) = Pg,ug, (M)- )

Our two-phase adaptive sampling strategy is summarized in Algorithm 1. Similar to the discussion in [17], if the underlying tensor
is incoherent, this algorithm will successfully recover M if |Q;| = ®(nn3rlog2(m13)) with n =min{n,n,}. On the contrary, when M
is highly coherent with most of the energy concentrating on only a few elements, the estimation of tensor leverage scores would
be seriously affected, resulting in a poor recovery result. Between these two extremes, our two-phase adaptive sampling strategy is
believed to generate a better estimation of M than the entirely uniform random sampling, and the numerical experiments in the
subsequent section can support it.

Although the two-phase adaptive sampling strategy is inspired by [17], but we have two key distinctions: i) We use a tensor
leverage score, which allows us to handle higher dimensional data better. ii) We propose a specialized two-phase strategy for traffic
data by utilizing the periodicity of traffic flow (using the first week or the previous week’s data to approximate the leverage score as the
first phase, instead of the traditional uniform sampling). This novel design sampling largely enhances the flexibility and practicality
of our method for real-world applications.

4. Numerical experiments

In this section, we conduct experiments on synthetic data and real data to verify our theoretical results and the effectiveness of
the two-phase sampling strategy.

4.1. Synthetic data

The synthetic tensor M of size n X n X ny = 100 X 100 X 50 and tubal-rank 2 is constructed via M =D % U’ % VT % D, where
the elements of " € R!00x2%30 p ¢ R2x100x30 are randomly generated obeying the i.i.d. Gaussian N(0,1) distribution and D €
R100x100x50 j5 4 tensor whose first frontal slice is a diagonal matrix with power-law decay, i.e., D;;; = i~® for 1 <i < 100, and whose
other frontal slices are zero matrices. We refer to such construction as the power-law tensor. The parameter a adjusts the tensor
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Table 1
The minimal samples (Xnn; log(nn;)) required for successful recovery of the power-law tensors with different a.
a 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
Uniform 1.1 1.3 1.9 1.9 2.9 4 5.3 5.6 7.1 7.3 7.8
Two-phase 1.1 1.1 1.1 1.1 1.3 1.3 1.3 1.4 1.4 1.4 1.5
“Oracle” 1 1 1 1 1 0.9 0.8 0.8 0.7 0.7 0.7
8 T T T T T T T T
a=0.5
TN =0.6 ,"
6-+-a=0.7 i
a=08 i
5t i ]
e = 0.9

w e
T T

Samples (xnnglog(nns))
NS}

—_

0.1 02 03 04 05 06 07 08 09 1

g

Fig. 2. The minimal samples (Xnn; log(nn,)) required for successful recovery of the power-law tensors with different fs.

leverage scores and the coherence level of M with a =0 being maximal incoherence y, = ©(1) and @ = 1 corresponding to maximal
coherence y, = ©(n).> Finally, we normalize the generated M to make || M| = 1.

First, we compare different random sampling schemes, including the uniform sampling, our two-phase sampling strategy, and the
leveraged sampling (denoted as “Oracle”), i.e., sampling according to the probability computed in (6) with groundtruth tensor leverage
scores. After sampling, the reconstruction is realized via optimizing (3). The minimal samples required for successful recovery, which
is defined as when at least 95% of trials have relative errors in the Frobenius norm ||M — M|| r/lIM|| g not exceeding 0.01, of the
simulated tensor with respect to different as are shown in Table 1. As @ becomes larger, the coherence level increases, and most
energy of the tensor data would concentrate on a few entries, which are favored by the leveraged sampling. Thus, as @ becomes
larger, the number of required samples for the successful recovery becomes less through leveraged sampling. Meanwhile, we can see
that, as the parameter « varies from 0 to 1, our two-phase sampling strategy achieves comparable results as the leveraged sampling.

Second, we test our two-phase sampling strategy with respect to different values of f. Fig. 2 illustrates the minimal samples
required for successful recovery with different values of . It can be found that the selection of f§ is robust for the successful recovery
in the interval of [0.1,0.6].

4.2. Color images completion

In this part, we conduct experiments on 20 color images which are of the size 481 x 321 x 3 (width X height X color channel)
selected from the Berkeley Segmentation Dataset [46]. Compared methods are i) LRMC with uniform sampling [11], denoted as “LRMC
(Uniform)”, ii) LRMC with a two-phase adaptive sampling strategy [17], denoted as “LRMC (Adaptive)”, iii) HaLRTC with random
sampling [2], denoted as “HaLRTC (Uniform)”, iv) TNN with random sampling [39], denoted as “TNN (Uniform)”, v) discrete cosine
transformation (DCT) based TNN with random sampling [29], denoted as “DCT-TNN (Uniform)”, vi) TNN minimization with leveraged
sampling, denoted as “TNN (“Oracle”)”, and vii) TNN minimization with our two-phase adaptive sampling strategy, denoted as “TNN
(“Adaptive”)”. The peak signal-to-noise ratio (PSNR) and the structural similarity index (SSIM) [47] are computed for quantitative
evaluation of the completion results. Higher values of PSNR and SSIM indicate better reconstruction results. In our experiment, 50%
of the entries are sampled in total. When conducting the uniformly random sampling and the adaptively leveraged sampling, those
observed entries are sampled at once. For a fair comparison, when doing the adaptive two-phase sampling, we set # = 0.6 and elements
sampled in the first phase are randomly extracted from those selected by TNN (Uniform).

We exhibit PSNR values and SSIM values of results in Fig. 3. For better visualization, the vertical axis starts from 20 for the PSNR
and 0.75 for the SSIM, respectively. From Fig. 3, we can see an overall trend that i) results by tensor-based methods are better than
those by matrix-based methods, and ii) adaptive sampling could help to generate better reconstructions than uniform sampling with
the same amount of observed entries. Meanwhile, the performance of our two-phase adaptive sampling is close to “Oracle” leveraged
sampling, especially in terms of the SSIM values.

3 Here, u, is the upper bound of tensor leverage scores and it is indeed the , in (25) of [39].

10
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&5 ‘-LRMC (Uniform) IM@LRMC (Adaptive) HaLRTC (Uniform) I TNN (Uniform) @@ DCT-TNN (Uniform) B TNN (“Oracle”) Il TNN (Adaptive)‘
I I I I I I I I I I

2 4 6 8 10 12 14 16 18 20
# image
‘-LRMC (Uniform) IM@LRMC (Adaptive) HaLRTC (Uniform) [l TNN (Uniform) @l DCT-TNN (Uniform) [l TNN (“Oracle”) [l TNN (Adaptive)‘
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Fig. 3. The PSNR values of the first 20 images and the SSIM values of the last 20 images.

LRMC LRMC HaLRTC TNN
(Uniform) (Adaptive) (Uniform) (Uniform)
DCT-TNN TNN TNN
Original
(Uniform) (“Oracle”) (Adaptive)

Fig. 4. The completion results of one color image.

The reason our method performs better is that the usage of tensor leverage score allows us to take more information-rich points, as
is shown in Fig. 1, which allows for better detail recovery. For example, Fig. 4 displays the reconstruction results on one image. From
the enlarged area, the superiority of our methods are obvious as the nostril are restored better. However, for less information-rich
points, even if fewer points are selected, it does not have a significant effect on the recovery result. Therefore, with the same total
sampling rate, we have better overall results, and our approach is particularly well suited for some downstream tasks that require
greater detail. It is worth noting that our adaptive method performs only a little worse than the oracle method, which means that we
are able to recover the image fairly well without knowing the leverage score in advance.

4.3. Multispectral image completion

In this section, we conduct experiments on the CAVE data set [48] provided by the Computer Science Department at Columbia
University. The data set consists of multispectral images which are of the size 512 X 512 X 31 (spatial height X spatial width X
spectrum). The third dimension comprising full spectral resolution reflectance data that ranges from 400 nm to 700 nm in 10 nm
increments, totaling 31 bands. We selected the mean values of PSNR and SSIM of frontal slices to quantitatively measure the quality
of the results. The total sampling rate for all methods is set as 50%, where the sampling points in the first phase of the adaptive

11
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Table 2

The average PSNR and SSIM values of different methods

in MSI data.
Method PSNR SSIM
Observed 21.71 0.1382
LRMC Uniform 46.32  0.9169
LRMC Adaptive 47.09  0.8935
HaLRTC Uniform 47.66 0.8655
TNN Uniform 55.01 0.9440
DCT-TNN Uniform 54.85 0.9417
TNN Oracle 56.81 0.9421
TNN Adaptive 55.40 0.9436

TNN Adaptive (interpolation) 56.08 0.9452

Table 3
The averaged MAPE and RMSE values of differ-
ent methods in traffic data.

Methods MAPE RMSE

Observe 50.00% 0.6390
LRMC Uniform 2.13% 0.0324
LRMC Adaptive 2.46% 0.0364
HaLRTC Uniform 4.43% 0.0490
TNN Uniform 2.18% 0.0304
DCT-TNN Uniform 2.18% 0.0304
TNN Oracle 1.24% 0.0197

TNN Adaptive-Latest 1.46% 0.0229
TNN Adaptive-First 1.45% 0.0236

sampling accounted for 60% of the total number of sampling points. The TNN Adaptive (interpolated version) method interpolates
all the unsampled ones after sampling uniformly in the first stage, and then calculates the leverage score to select the samples for the
second stage.

Table 2 provides quantitative measurements of results obtained with different methods. When rotating the images to size n3 X n; X
n,, the two matrix-based methods (LRMC Uniform and LRMC Adaptive) as well as HaLRTC Uniform performed the worst in terms
of both PSNR and SSIM indices. In contrast, tensor methods based on leverage score achieved the best results overall. In particular,
the Oracle method excelled in PSNR, while TNN Adaptive (interpolation) achieved the highest SSIM. However, the performance
differences among these top methods are slight.

4.4. Traffic data

In this part, we conduct experiments on traffic data [49] (A set of 207 days, 1440 time windows and 21 detection points of traffic
speed data) provided by Grenoble traffic Lab (GTL), which can constitute a third-order tensor of size 1440 x207 X 21. As in practice the
leverage score of the week is not known, we designed some methods trying to use the leverage score of historical data. We manually
clipped the continuous dataset, selecting 1440 time windows and 21 detection points from the 8th day (inclusive) to the 203rd day
(inclusive), and obtained some continuous data set of size 1440 X 7 X 21 as the actual complete test dataset. The Root Mean Square
Error (RMSE) and Mean Absolute Percentage Error (MAPE) are computed to quantitatively measure the quality of the results. The
sampling rate is 50% for all methods. In this case, as the traffic data exhibit typical cyclicity, we can estimate the tensor leverage
scores from previous periods. Thus, we add two alternatives of our method: i) TNN Adaptive-Latest, which means the tensor leverage
scores are estimated from last week, and ii) TNN Adaptive-First, which obtains the tensor leverage scores from the first week (not
involved in testing). Table 3 gives the quantitative measures of the results obtained by the different methods. We can see that the
oracle case of our method achieves the best performance and two alternatives are comparable to the oracle case.

We present MAPE values and RMSE values of results in Fig. 5. From Fig. 5, we observe an overall trend that i) results by leverage
score sampling based methods are better than those using uniform sampling, and ii) the sampling method based on this week’s
leverage score helped reconstruction the most, and iii) the matrix-based method performs worse than other tensor-based methods
except HaLRTC Uniform. Meanwhile, the sampling method based on the first and previous week’s leverage score also have a significant
increase in MAPE and RMSE values, and the difference in the improvement was not significant. This is in large part due to the fact
that our tensor leverage score sampling enables sampling to be more focused on data points that differ from their surrounding points.
Fig. 6 displays the reconstruction results on 5-th lateral slice of traffic data in week 18. As can be seen from the figure, the three
leverage score based methods are much better than the others in some details. Interestingly, the highlighted area that contrasts with
the surrounding region is the traffic data of the area around the Centre Commercial Grand’Place during afternoon rush hour, and our
advantage in recovering data like that allows for more accurate downstream tasks like traffic jams analysis.

12
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Fig. 5. The MAPE and RMSE values of every week, respectively.

In this experiment, we have given two-phase strategy a very novel meaning. In the first phase, not only can we estimate leverage
scores using uniform sampling like what we did in the first three experiments, but we can also utilize historical data to estimate the
leverage score of current data in periodic datasets. This insight allows our approach to be used in more realistic scenarios.

5. Concluding remarks

In this work, we define the tensor leverage scores, which can be viewed as the local version of the tensor incoherent condition.
Then, we prove that one can exactly recover any low-tubal-rank tensor from as few as O(rnn; log(nn;)) random observations via
solving a convex optimization problem with high probability. The required condition is that the random selection of entries is made
adaptive to a specific distribution and the probability of entries being sampled should be at least a constant times the sum of the
tensor leverage scores. A two-phase adaptive sampling strategy follows with our theoretical results. Experiments verify our theory
and show that our two-phase adaptive sampling works well.
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Appendix A. Noncommutative Bernstein inequality

First, we introduce the Noncommutative Bernstein Inequality (NBI) [15], which will be frequently utilized throughout this Ap-
pendix.
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Fig. 6. The 5-th lateral slice of the reconstructions by different methods on the traffic data (Week 18).

Theorem 2 (Noncommutative Bernstein Inequality [15]). Let X,X,, ---, X, be independent zero-mean random matrices of dimension d, X

d,. Suppose
Py = max{||EX, X1, IEDX g X 111}
and

Xkl <M

almost surely for all k. Then for any = > 0,

L -72/2
PLII Y, Xl 2 7] < (d) +dy) expl o)
k=1 Yo Pp+Mz/3
If
L L
max{]| Y XgXpll. I Y Xz Xgll} <02
k=1 k=1
and let

T =1/4co?log(d, + d,) + cM log(d, +d,)

for any ¢ > 0, then

L
PLLY, Xill > 71 < (dy +dp) ™D,
k=1
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Appendix B. Proof of technical lemmas

In this part, we give the detailed proof of all the lemmas in our main manuscript. For the readers’ convenience, we would first
restate those lemmas and then prove them.

B.1. Proof of Lemma 1

Lemma 1. Suppose |PrRoPr — Prllgp < % Denote the smallest p;y as ppn- Then for any Z such that Po(Z = 0), we have

V 2n 3pmm

1P (D)l nw > IPr (Dl £

1
Proof of Lemma 1. Define the operator R} : R™™"3 i R"™""3 by

1
! 1 -
RH(2)= Z ———6ix ik ¥ ép * €.

ik \Pijk
Then
1
IR2Pr( Dl = V(PrRoPr(2). Pr(2))
= V(PR Py — Pp)(2), Pr(2)) + (Pr(2), Pr(2))
2 \/ IPr N3 = IPrRoPr = Prllop Pr(DII%
1
> v IPHD
Thus

IPro(Dllp
V Pmin

1 1
IRZPHD)llp = | = RAPri(D) <

Combining the equations gives

\/ N3 Pmin

1Pre@llrnn = Vsl Pri@le = 7 — Pl O

B.2. Proof of Lemma 2

283 1og(nnz)(ui+v;)r

Lemma 2. If p;;; > min{ "

,1} for all (i, j, k), then

1
IPrRQPr = Prllop < 5

holds with probability at least 1 — 2(nn3)! 7.

Before proving Lemma 2, we need a fact borrowed from [39]:

(u; + Vj)r
" .

|Pr (& * € ¢ DI <

Proof of Lemma 2. Define the operator [J;;, which maps Z to p—éuk <Z,7’T(5,- * &) *EJT)> Pr(e; = &, = EJT). When p;; >

(uj+v;)rlogn

28p o , we have
1 (i +vpr
1751 = PTnop—nJ,,k PT||Op<max{—||pT(e *ek*eUnF,—}s —
n3 pljk }’l3 pijkn
On the other hand, observe that we have E[.J, ;] = PT Thus, we have
1 (ui+ Vj)" 1 (i + Vj)r
€T 7] (—— o) 1Prlp s T
bijnn Pijich ny
Now, let
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\/7ﬁlog(nn3)r(,4,.+vj) 1
T=4) ———<

3p; i 2
with some constant § > 1. Then, we have

7 Blog(nn3)(pi+v;)r

Dijih 1-p
P [||pTRQPT - PT”OP > T] < 2}’!713 exp m < (2””3) .
Pijkh + 6p;jkn

Therefore, we get

PlIPrRaPr - Py ]>P[||PTRQPT Prllop <] 2 1= @ny'~7,

Op_

which finishes the proof. []

B.2.1. Proof of Lemma 3

(u;+v;)rlo; 2(2rm )
%, 1}, and Z € R™"™"3, then for any constant ¢ > — % wehave

Lemma 3. If p;; > min{c, oz’

IRa(2) -2l < % (121 0y + 121 ue020))
0
holds with probability at least 1 — (2nn;)~(¢~D).

Proof of Lemma 3. Let
1 O
Ro(Z)—Z = Zg(,.jk) = 2(—6ijk —1)Zj %€ %
ik ik Pijk
where J;;, are independent tensors. Then we have

T

—_— 1 > 7 =
Tijiy = Z(r‘%‘k DZ;jeiéie;
ij.k Fijk

Notice that E[J;;]1 =0 and [|J; ]l < pL I Z||l- Moreover, we have
ijk

7T N 1 ~ Pijik
[E[Zjijk Jt‘jk] = [Z (uk)J(ijk)] szke/*e [E(—5 -1y = max Z ) - Zizjk‘

i.j.k ij.k Pijk ik Dijk

. . —T
Similarly, ||[E [Zi,j,k Tk Tijk ]

is also bounded in the same way. Then, applying the matrix NBI [15], we have

IRa(2) = ZI1 =R = ZN =1 Y. Tz llop

i.J.k

L—=pik 1_pijk |Zuk|
< 4 |4clog(2nny) max { max Zz2 ,max z2 + ¢ max log(2nns)
; J ;:‘ Pijk ke 2 D ijk Lk Dijk

(;4,+v g

holds with probability at least 1 — (2nn3)~=V.If p, ;; > min{ o224 1og? (2nn3), 1} for all (i, j, k) and a sufficiently large constant

4
2 foamy we further have

IRG(2) = ZIl £ —=UIZl 0y + 12l yo2¢)) O

\/_

B.2.2. Proof of Lemma 4

(ui+v))rlogk2nn3) log(2nn3)
n 48

Lemma 4. If p;;; > min{c, ,1}, for some constant ¢, making z—‘ < , and Z € R™"™"3, then
0

1
”pTRQ(Z) - pT(Z)”u(oo,Z*) < E(”Z”u(oo) + ”Z”u(oo,l*))
holds with probability at least 1 — 2n>~¢1n} ™",
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Proof of Lemma 4. Consider any b-th tensor column of PR q(Z) — Pr(2):

n - 5 e L -
S (PrRG(Z) ~ Pr(@)) ¥ 6y = 4 | = 8 = DZipPr(@ x 6y %)) % &,
Vpr Vol [Tk l’uk

= 2 i

i.j.k

where 4, € R™1X"3 are zero-mean independent tensor columns. Let d; jx be the vectorized column vector of ;. Then for some
constant ¢ > 0, we have

1—-p;; 1Zk
~ - n ijk - ° T - n ijk
il = la;ullo < 4/ — ZijllPr(e; = € % &5 ) % epllpx <y [— IPr(&; * € * ¢; DETA Y
Vpt ijk Vpl pljk
When j = b:
1 Zijil
@il < —( ) ——IZll
Y Vb'" Dijk o log (2nn3) uleor
When j # b:

- n | Zikl [vir [vr 2
1aiull2 < 4 /== ——1/ =1/ = £ ———— 12l 0>
Yol Pijk n n cylog=(2nnj)

co(pi+vyr log?(2nn3)
n

E [Z ﬁ?,k&i,»k] =E [Z ||a,~,-k||§*]

i.j.k ij -k

given p;;; > min{ ,1}. We also have

n puk
= ZZ K IPr(e; = € * ¢ )*ebll

Vol pljk ij.k

1-p;
n ijk
=( ) + )Y )= 22 Pr(@E 6+ ) % G113,
L L4 vbr p[ ik
i.,j=bk i,j#bk J

Hil + Vpr T T =2\ =Pk n
< <ZkZT + Z lle; = V=V xell o Zrbk
i

J#bk vor
3
<——— 212
co 10g2(2nn ) H(e.2)
Applying the matrix NBI [15], if c‘ < Iog(z+3) we have, with probability at least 1 — (nn;)~(17D,
n - - ~
"\/— (PrRo(2)-Pr(2)) ey|| = Zaijk = Zaijk
Vbl 2 ||igk e |liiok )

<A 2y + ——— 2]
=V ¢olog@nny) T2 T Tog(2nng) D)

1
< S U2 ooy + 12 oo 24))-

We can also do the same to the tensor rows and get the same bound. Then using a union bound over all the tensor columns and
tensor rows, the results hold with probability at least 1 — 21>~ n;(c‘_l). O

B.2.3. Proof of Lemma 5

(u+v))rlog?(2nn3)
n

Lemma 5. If p; ;. > min{c, ,1}, and Z € R™"™"3, then

1
IPrRoPr = Pr)Zllue) < 5121w

SeplogQany) |- 3¢q log(2nn3)

holds with probability at least 1 —2n~' "~ 126~ P, 1
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Proof of Lemma 5. Observe that

1 e =T
PrRoPr(@) = ), — 6 ZijPr(@ & & ).

ij.k Fijk
Let wyp. =4/ % % Then, we can write
S A Sijk R N AU
PrRoPr(2) —Pr(2).e, %€, x¢e, ) — = Z(— - 1)Z,-jk Pr(e; =€ * e; e k€, ke ) —
abc i.j.k Dijk Wahe
= Z Hijk,abc'
ij.k

We can compute the following bound:

b 27, ifi=a,j=b,
T T - af s .
a0 e 4 o . e, *VxV' xe |, ifi=a, b,
KPT(ei ¥ 0 % 1).E, % 6, % e,,T>| < ; o T C”z* Lo ’
lle; * U U *eyllp, ifi#a,j=b,
ST - ST - i .
e, * Vs« VT % & llaulle; * VU UT %¢llp, ifi#aj#b.
cor(ui+v;)lo 2(2nn )
Ifp= %, it is easy to observe that
|Z5ji]
J - o ST, - o - T 2
|H[jk,abc <— <7)T(e,- ke HE; )8, %6, %€ >' <12 o)/ €0 log™(2n15).
wabcpijk

On the other hand, note that

2
5. 21 z= 2
2 _ ijk ijk - o STy - o T
E E Hepave || = E E <p-~ —1) > <PT(e,->kek*ej ),e, €, ke >
ij:k i.j.k ijk Wibe

2o+ Yo+ X+

i=aj=bk i=aj#bk itaj=bk ita,jEbk
212112 201211 I1Z1?
+ +

u(oo0) H(o0) H(o0)

T cglog?2nng  colog?2nny  cylog?2nny
shzi?

H(c0)
o log? 2nny
Then, using the NBI [15], we have

1 2
| ~hizie,,
P|(PrRaPr@) = Pr@) . 2 512l <2030 | 2
p(c0) H()
c log? 2nny + 6¢ log? 2nny
3¢y log? 2nn
<2exp| — %
_ 3cq log(2nn3)
< 2(nn3) 124

3cg log(2nn3)

Then using the union bound on every (a, b, c)-th entry, we have the inequality holds with probability at least 1 — 2n7( 124 2) X
3¢ log(2nn3y)
1 3eglog@nny

n, " .0
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