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Nonlinear Transformed Low-Rank Quaternion
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Abstract—Completing multidimensional color images is a fun-
damental challenge in image processing and computer vision.
However, some tensor-based methods often treat RGB channels
as independent modes, thereby neglecting their intrinsic corre-
lations. To address this limitation, we represent RGB values as
pure quaternions and organize them into a quaternion tensor
for holistic modeling that preserves chromatic relationships. To
better capture the nonlinear characteristics inherent in visual
data and to improve the compactness of low-rank representations,
we propose a nonlinear transformation within the quater-
nion domain. This design enables more expressive modeling
compared to conventional linear approaches. In addition, we
introduce two novel regularization terms that jointly encode
global low-rankness and local smoothness, with the nonlinear
transformation further enhancing the exploitation of structural
priors. The overall model is optimized via a nonlinear alternating
direction method of multipliers (ADMM), with theoretical guar-
antees of convergence. Extensive experiments on several datasets
demonstrate that the proposed method significantly outperforms
state-of-the-art low-rank tensor and quaternion tensor recovery
techniques in multidimensional color image completion tasks.

Index Terms—Quaternion tensor, RGB channels, low-rank,
local smoothness, nonlinear transformation.
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I. INTRODUCTION

MULTIDIMENSIONAL color images, such as color
videos, light field images, and multi-view images, are

central to many applications in modern image processing and
computer vision. These data structures extend beyond spatial
dimensions (width and height) to include additional modes
like time or viewing angle. However, during acquisition or
transmission, this data is often corrupted by missing entries
due to sensor failure, limited sampling, or communication
errors. Recovering the complete image from these incomplete
observations constitutes a challenging inverse problem that
has garnered significant research interest [1], [2], [3]. This
is part of a broader field of image and video restoration,
which has seen recent advances in related video-specific tasks
such as multi-scale deraining [4], remote sensing video super-
resolution [5], and temporally coherent video dehazing [6].

To faithfully preserve the intrinsic correlation among the red
(R), green (G), and blue (B) color channels, quaternion algebra
has emerged as a powerful and natural representation. In this
paradigm, the three channel values of a pixel are encoded
as the three imaginary components of a pure quaternion, as
illustrated in Fig. 1 (top). This holistic treatment of color has
proven superior to treating channels independently or convert-
ing to grayscale [7], leading to successful applications in color
image denoising [8], inpainting [9], and video recovery [10].

The extension of this paradigm to multidimensional color
images has led to the development of quaternion tensor (QT)
models. A QT naturally represents a multidimensional color
image by stacking quaternion matrices (e.g., color image
frames) along a third or higher-order mode, as shown in
Fig. 1 (bottom). Although quaternion-based models inher-
ently capture the relationships among RGB channels, their
application to multidimensional color image modeling remains
relatively underexplored. Existing QT completion methods
have primarily focused on extending real-valued tensor low-
rank linear models. This has spurred the definition of various
QT ranks, including those based on Tucker [11], tensor train
[12], and tensor ring [13] decompositions. More recently,
a transform-based QT product framework gave rise to the
quaternion tensor singular value decomposition (TQt-SVD)
and the corresponding TQt-rank [14].

Despite these advances, two fundamental challenges per-
sist in multidimensional color image completion. First, while
real-valued tensor models are prevalent [15], [16], they typ-
ically stack color channels along a tensor mode, disrupting
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Fig. 1. The pure quaternion tensor representation of a color video.

the inherent color structure. Nonetheless, their use of hybrid
regularization, which combines global low-rankness with local
priors like TV-based smoothness [3], [17], [18], [19] or
sparsity [20], has been highly effective. This brings in an
insight that can be adapted to the quaternion domain. Sec-
ond, real-world visual data often exhibits complex nonlinear
structures arising from motion, illumination changes, and
object interactions, which cannot be adequately captured by
the aforementioned linear QT (or real-valued tensor) models.
Although recent works have explored nonlinear transforma-
tions in real-valued tensor recovery [21], [22], [23], [24], their
integration into the quaternion tensor framework, along with
the associated optimization and convergence analysis, remains
challenging.

To address these limitations, this paper proposes novel non-
linear transformed quaternion tensor total variation (NTQTTV)
methods for multidimensional color image completion. To
visually motivate our approach, Fig. 2 analyzes the underlying
structure of a sample color video (news) and demonstrates
the efficacy of our proposed priors. As shown in Fig. 2-(a)
and 2-(c), the histogram of the differenced quaternion tensor
exhibits a sharp peak centered at zero, indicating strong
gradient sparsity. This supports the use of total variation
regularization to enforce local smoothness. In parallel, the
singular values of the transformed tensor decay rapidly, con-
firming its global low-rank nature. These observations justify
the integration of both sparsity and low-rank priors in our
regularization framework. The key advantage of the proposed
nonlinear framework is quantitatively demonstrated by the
accumulated energy ratio (AccEgy) plots in Fig. 2-(b) and
2-(d), which evaluate the compactness of the low-rank repre-
sentation. AccEgy is defined as AccEgy =

Pk
i=1 σ

2
iP

j σ
2
j

, where σi is
the i-th singular value. A faster-rising curve indicates that more
energy is concentrated in fewer singular values. As shown, our
proposed NTQTTV2 model significantly outperforms its linear
counterpart (linear quaternion tensor total variation, LQTTV),
and real-valued state-of-the-art tensor methods, including the
nonlinear transformed tensor nuclear norm (NTTNN) [21]
and tensor-correlated total variation (t-CTV) [3]. Similarly,
the multi-mode analysis reveals that NTQTTV1 consistently
captures more energy than the linear LQTTV across all modes.
This provides strong empirical evidence that our nonlinear
transformation maps the data to a feature space where the low-

rank structure is substantially more pronounced, justifying its
integration with a QTTV regularizer.

Our approach makes the following key contributions:
• Two novel multidimensional color image completion

models are established with two novel regularizers,
termed nonlinear transformed quaternion tensor total vari-
ation 1 and 2 (NTQTTV1 and NTQTTV2), respectively.
Both of these regularizers simultaneously capture nonlin-
ear features, global low-rankness, and local smoothness.
Meanwhile, by leveraging the quaternion algebra, our
model effectively preserves the intrinsic correlations
among RGB channels.

• To address the optimization challenges posed by the
nonlinear regularizers, we develop an efficient algorithm
based on a local linear approximation strategy. At each
iteration, the nonlinear transform is linearized, result-
ing in a sequence of convex subproblems that can be
effectively solved using the alternating direction method
of multipliers (ADMM). We further provide a rigorous
theoretical analysis to ensure the convergence of the
proposed algorithm.

• Extensive experiments on two types of multidimensional
color images, including real color video data and light
field image completion tasks, illustrate that the proposed
methods achieve state-of-the-art performance, outper-
forming a wide range of competing tensor completion
techniques.

The remainder of this paper is organized as follows.
Section II reviews essential preliminaries on quaternions and
tensors. Section III details the proposed nonlinear model and
the optimization algorithm. Section IV presents the experi-
mental results that validate the effectiveness and superiority of
our method. Finally, Section V concludes the paper, with the
convergence analysis provided in the Supplementary Material.

II. NOTATIONS AND PRELIMINARIES

The primary notations used throughout this paper are sum-
marized in Table I. Then, we introduce the preliminaries for
quaternions and quaternion tensors.

A quaternion [25] q̇ ∈ H is a hypercomplex number defined
as q̇ = q0 + q1i + q2j + q3k, where q0, q1, q2, q3 ∈ R and
the imaginary units i, j,k follow Hamilton’s rules: i2 = j2 =

k2 = ijk = −1. The real part is R(q̇) = q0 and the vector
(imaginary) part is I(q̇) = q1i + q2j + q3k. Its conjugate is
q̇∗ = q0 − q1i − q2j − q3k, and its modulus is |q̇| =

√
q̇∗q̇ =q

q2
0 + q2

1 + q2
2 + q2

3.
Definition 1 (Quaternion Tensor [11]): A multi-

dimensional array or a k-th order tensor is defined as a
quaternion tensor when its entries are quaternions. Specifically,
quaternion tensor Ȧ = (ȧi1i2...ik ) ∈ H

n1×n2×···×nk is formulated
as Ȧ = A0 +A1i +A2j +A3k, where An ∈ R

n1×n2×···×nk (n =

0, 1, 2, 3) are real-valued tensors. If A0 is a zero tensor, Ȧ is
termed a pure quaternion tensor.

Recently, a generalized product for quaternion tensors was
introduced in [14], leading to a corresponding tensor singular
value decomposition (TQt-SVD).
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Fig. 2. (a) And (c): Illustration of the joint low-rankness and smoothness structures encoded in correlated gradient quaternion tensors. (b) and (d): The AccEgy
of the transformed tensor or quaternion tensor computed under the t-SVD or TQt-SVD framework.

Definition 2 (?QT -Product [14]): Let Ȧ ∈ Hn1×l×n3×...×nk

and Ḃ ∈ Hl×n2×n3×...×nk be two k-th order (k ≥ 3) quaternion
tensors. Let L be an invertible linear transform defined by a
set of invertible matrices {Q̇m ∈ H

nm×nm }km=3, such that L(·) =

(·)×3 Q̇3 ×4 · · ·×k Q̇k. The ?QT -product is defined as:

Ṫ = Ȧ ?QT Ḃ = L−1�L(Ȧ) ?QF L(Ḃ)
�
, (1)

where ?QF denotes the facewise product, such that for any
frontal slice index (i3, . . . , ik), (L(Ȧ)?QFL(Ḃ))(:, :, i3, . . . , ik) =

L(Ȧ)(:, :, i3, . . . , ik)L(Ḃ)(:, :, i3, . . . , ik).
Remark 1: In this work, the invertible transform L is

implemented using the quaternion discrete cosine transform
(QDCT) along modes 3 to k. The choice of QDCT over
other possible transforms, such as the quaternion discrete
Fourier transform (QDFT), is motivated by its superior energy
compaction capability for natural high-dimensional color data.
This property means the QDCT is highly effective at capturing
the low-frequency components that define the data’s core
structure. This advantage stems from their different boundary
assumptions: the QDFT assumes a periodic signal, which often
creates artificial discontinuities at the data’s edges, whereas
the QDCT assumes symmetric (reflective) boundaries, which
maintains smoothness and is a far better fit for natural data.
This makes the QDCT a natural fit for our framework, as its

efficiency in compressing spatially smooth data complements
our total variation regularizer, and its ability to reveal a more
compact low-rank structure is better suited for our quaternion
tensor nuclear norm (QTNN) objective. The transformed ten-
sor is denoted as ˆ̇A = L(Ȧ).

This ?QT -product allows for a generalized SVD for quater-
nion tensors.

Theorem 1 (TQt-SVD [14]): For any quaternion tensor Ṫ ∈
Hn1×n2×···×nk , its TQt-SVD is given by:

Ṫ = U̇ ?QT Ḋ ?QT V̇H ,

where U̇ ∈ Hn1×n1×···×nk and V̇ ∈ Hn2×n2×···×nk are unitary
quaternion tensors, and Ḋ ∈ Hn1×n2×···×nk is an f-diagonal
tensor, meaning its frontal slices are diagonal matrices.

Based on TQt-SVD, the TQt-rank and its convex surrogate,
the quaternion tensor nuclear norm (QTNN), are defined.

Definition 3 (TQt-rank [14]): Let the TQt-SVD of Ṫ be
U̇?QT Ḋ?QT V̇H . The TQt-rank of Ṫ is the number of non-zero
tubes in the f-diagonal tensor Ḋ:

rankT Qt(Ṫ ) := #
˚
i | ‖Ḋ(i, i, :, . . . , :)‖F > 0

	
,

where i ∈ {1, . . . ,min(n1, n2)}. The i-th singular value of Ṫ is
defined as σi(Ṫ ) := ‖Ḋ(i, i, :, . . . , :)‖F .
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TABLE I
A SUMMARY OF KEY NOTATIONS

Definition 4 (QTNN): The quaternion tensor nuclear norm
(QTNN) of Ṫ ∈ Hn1×n2×···×nk , denoted ‖Ṫ ‖QTNN, is the sum
of the matrix nuclear norms of the frontal slices of the
transformed tensor ˆ̇T = L(Ṫ ). Letting N3 =

Qk
m=3 nm and

reshaping ˆ̇T to be of size n1 × n2 × N3, the QTNN is:

‖Ṫ ‖QTNN :=
N3X
i=1

‖ ˜̇T (i)‖∗, (2)

where ˜̇T = reshape(L( ˆ̇T ), [n1, n2, n3n4 · · · nk]).
For a comprehensive background on quaternion algebra and

tensors, we refer the reader to [11], [14], [26], and [27].

III. THE PROPOSED METHOD

In this section, we introduce the nonlinear transformed
quaternion tensor total variation regularization methods
for multidimensional color image recovery. Specifically,
Section III-A presents the design of the proposed regular-
ization terms and formulates corresponding multidimensional
color image completion models. Section III-B describes the
corresponding nonlinear optimization algorithm based on the
ADMM framework. We begin by outlining the core mecha-
nism of our model, followed by its mathematical formulation.

Our model combines three key principles to overcome the
limitations of prior approaches. First, the quaternion rep-
resentation is the foundation, ensuring the preservation of
color correlations across channels and preventing artifacts.
Second, a nonlinear transformation maps the data into a
feature space where its underlying low-rank structure is more

clearly captured. Lastly, a unified regularizer operates on this
enhanced representation, combining two complementary pri-
ors: the global low-rank prior (QTNN) to capture the dominant
low-frequency scene structure, with the local smoothness prior
(TV) to preserve sparse high-frequency details such as sharp
edges. This integration of a robust color model, a structure-
enhancing transformation, and a hybrid regularizer is the core
advantage of our approach.

A. Proposed Models

To explore the inner nonlinear structure of multidimensional
color images, we define the nonlinear activation function first.
Let Ẋ = X0 + X1i + X2j + X3k, the nonlinear transform is
defined component-wise as

ψ(Ẋ ) = φ(X0) + iφ(X1) + jφ(X2) + kφ(X3),

where φ(·) is a nonlinear function mapping from R to R.
This strategy is inspired by the success of single-layer

orthogonal neural networks in the real domain [28] and the
use of split activation functions in quaternion neural networks
[29]. Several common choices for φ(·) include the Hyperbolic
tangent (tanh), Sigmoid function, and Leaky ReLU [30]. In
this work, we empirically adopt tanh, which is defined as

φ(x) = tanh(x) =
ex − e−x

ex + e−x ,

as the nonlinear activation function based on the ablation study
(See Table V in the experimental part).

In addition to low-rankness, smoothness serves as a critical
prior for the recovery of multidimensional color images,
particularly in preserving local structural continuity. Motivated
by the unified regularization approach proposed in [3], which
integrates low-rankness and smoothness into a single total
variation norm for real-valued tensors, we extend this idea to
quaternion tensors. Specifically, we design a quaternion tensor
total variation regularizer that simultaneously encodes global
low-rank structure and local directional smoothness within
one norm. This unified norm naturally leverages the nonlinear
quaternion transform, enabling a compact and effective charac-
terization of the intrinsic properties of multidimensional color
data while preserving the algebraic relationships among RGB
channels.

To achieve this, we formally define the nonlinear trans-
formed quaternion tensor total variation norms. First, we
consider the total variation along a specific mode of the
nonlinear transformed quaternion, which is computed by

∇d(ψ(Ẋ )) := ψ(Ẋ )×d Dnd , (3)

where Dnd is a row circulant matrix of (−wnd ,wnd , 0, . . ., 0),
and wnd ∈ R

+. The use of a circulant matrix formula-
tion mathematically enforces circular boundary conditions, a
standard approach that enables the efficient use of the Fast
Fourier Transform (FFT) for solving the resulting optimization
subproblems. Then, we provide the first nonlinear transformed
quaternion tensor total variation norm (NTQTTV1) as follows.

Definition 5 (NTQTTV1): For Ẋ ∈ Hn1×n2×···×nk , and let
Γ denote a predefined set of modes (i.e., directions) along
which Ẋ is assumed to exhibit coupled low-rank and smooth
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TABLE II
THE DIFFERENCES AND RELATIONSHIPS OF THE RELATED METHODS

TABLE III
PERFORMANCE (PSNR/ASSIM VALUES) AND AVERAGE RUNNING TIME IN SECONDS (S) OF DIFFERENT ALGORITHMS FOR 8 COLOR VIDEO RECOVERY.

THE BEST NUMERICAL RESULTS ARE HIGHLIGHTED IN BOLD, AND THE SECOND-BEST RESULTS ARE UNDERLINED

structures. Let γ = |Γ| denote the cardinality of this set. Then,
the nonlinear quaternion tensor total variation norm of Ẋ is
defined as

‖Ẋ ‖NTQTTV1 :=
1
γ

X
d∈Γ

‖∇d(ψ(Ẋ ))‖QTNN. (4)

Although NTQTTV1 computes directional gradients along
each mode separately to model low-rankness and smooth-
ness, this design can become computationally expensive for
high-order tensors in optimization. To address this issue
while retaining modeling effectiveness, we propose the second
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TABLE IV

PERFORMANCE (PSNR/ASSIM VALUES) OF DIFFERENT RECOVERY ALGORITHMS FOR 8 LIGHT FIELD IMAGES. THE BEST NUMERICAL
RESULTS ARE HIGHLIGHTED IN BOLD, AND THE SECOND-BEST RESULTS ARE UNDERLINED

nonlinear transformed quaternion tensor total variation norm
(NTQTTV2), which is more computationally efficient.

Please note that our proposed NTQTTV2 norm is struc-
turally different from the traditional Total Variation (TV) norm
(which is defined as a sum of variations). We define it as a
“product norm” as it is more computationally efficient (see our
complexity analysis in Section III-C), while still serving as an
effective regularizer. We retain the NTQTTV2 name to reflect
its conceptual link to the TV framework.

Definition 6 (NTQTTV2): For Ẋ ∈ Hn1×···×nk , we first
define the sequential product operation used to achieve our
computational gain. This operation is computed by:

ψ(Ẋ )×k
i=1 Dni := ψ(Ẋ )×1 Dn1 ×2 Dn2 · · ·×k Dnk , (5)

where Dni is a row circulant matrix of (−wni ,wni , 0, . . ., 0), and
wni ∈ R

+. Notably, the multiplication order of the modules is
commutative.

The second nonlinear transformed quaternion tensor total
variation (NTQTTV2) norm of Ẋ is then defined as the QTNN
norm of this product:

‖Ẋ ‖NTQTTV2 := ‖ψ(Ẋ )×k
i=1 Dni‖QTNN. (6)

After defining the nonlinear transformed low-rank quater-
nion tensor total variation regularizers, our multidimensional
color completion model is formulated as

min
Ẋ
‖Ẋ ‖NTQTTV s.t. PΩ(Ẋ ) = PΩ(Ȯ), (7)

where PΩ(·) is the projection function that keeps the elements
in the observed set Ω and makes others zero, and ‖ · ‖NTQTTV
can be NTQTTV1 or NTQTTV2 for conciseness. By using
these regularizers, we can simultaneously exploit the global
low-rankness, local smoothness, and nonlinearity of the multi-
dimensional color images, with the intrinsic color correlations
well preserved. It is noteworthy that this modeling strategy
is not limited to the QTNN deduced within the TQt-SVD
framework, as it can be flexibly extended to other quaternion
tensor decomposition schemes, offering a general paradigm
for integrating structural priors and nonlinear characteristics
in multidimensional color image processing.

The proposed model in (7) maintains profound connections
to previous methods. Under specific conditions, the proposed
NTQTTV model can be simplified to existing norm formu-
lations: (1) without differencing, it reduces to the nonlinear
transform-based quaternion tensor nuclear norm (QTNN);
(2) without the nonlinear function, it degenerates to the
correlated total variation that jointly models low-rankness and
smoothness in the quaternion domain; (3) when the field is
real-valued, it can be viewed as a combination of nonlinear
transform methods for real-valued tensors [3] and tensor
correlated total variation [21].

B. Proposed Algorithms

In this part, we tailor the alternating direction method of
multipliers (ADMM) [31] algorithms to solve the proposed
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NTQTTV1 regularized models. As the space is limited, the
detailed algorithm for NTQTTV2 is in the Supplementary
Material. After introducing auxiliary variables, (7) can be
equivalently reformulated as

min
Ṅd ,Ẋ

1
γ

X
d∈Γ

‖Ṅd‖QTNN

s.t. Ṅd = ∇d(Ż), Ż = ψ(Ẋ ), PΩ(Ẋ ) = PΩ(Ȯ). (8)

Then, the augmented Lagrangian function is formulated as
follows.

L(Ṅd, Ż , Ẇ , Ẋ , Ṗd, Q̇, Λ̇)

=
X
d∈Γ

(
1
γ
‖Ṅd‖QTNN +

β

2
‖Ṅd − ∇d(Ż)‖2F

+R(〈Ṗd, Ṅd − ∇d(Ż)〉)) +
β

2
‖Ż − ψ(Ẇ)‖2F

+R(〈Q̇, Ż − ψ(Ẇ)〉) +
β

2
‖Ẇ − Ẋ ‖2F

+R(〈Λ̇, Ẇ − Ẋ 〉) + IΩ(Ẋ ), (9)

where Ṗd, Q̇, and Λ̇ are the Lagrange multipliers, IΩ(·) is
the indicator function satisfies IΩ(Ẋ ) = 0 if Ẋ ∈ Ω and ∞
otherwise, and β is the positive penalty parameter. Under the
framework of ADMM, the variables are updated alternately in
the ( j + 1)-th iteration using8̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂<̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
:̂

Ṅ j+1
d = arg min

Ṅd

L(Ṅ j
d , Ż

j, Ẇ j, Ẋ j, Ṗ j
d , Q̇

j, Λ̇ j, β j),

Ż j+1 = arg min
Ż

L(Ṅ j+1
d , Ż j, Ẇ j, Ẋ j, Ṗ j

d , Q̇
j, Λ̇ j, β j),

Ẇ j+1 = arg min
Ẇ

L(Ṅ j+1
d , Ż j+1, Ẇ j, Ẋ j, Ṗ j

d , Q̇
j, Λ̇ j, β j),

Ẋ j+1 = arg min
Ẋ

L(Ṅ j+1
d , Ż j+1, Ẇ j+1, Ẋ j, Ṗ j

d , Q̇
j, Λ̇ j, β j),

Ṗ j+1
d = Ṗ j

d + β j(Ṅ j+1
d − ∇d(Ż j+1)),

Q̇ j+1 = Q̇ j + β j(Ż j+1 − ψ(Ẇ j+1)),
Λ̇ j+1 = Λ̇ j + β j(Ẇ j+1 − Ẋ j+1),
β j+1 = min{β jη, βmax}.

(10)
The Ṅd, d ∈ Γ subproblem is

Ṅ j+1
d = arg min

Ṅd

1
γ
‖Ṅd‖QTNN +

β j

2
‖Ṅd − ∇d(Ż j)‖2F

+R(〈Ṗ j
d , Ṅd − ∇d(Ż j)〉)

= arg min
Ṅd

1
γ
‖Ṅd‖QTNN +

β j

2
‖Ṅd − ∇d(Ż j) +

Ṗ j
d

β
‖2F .

(11)

This problem can be solved by the quaternion tensor singu-
lar value thresholding (QTSVT) we proposed in [32].

Definition 7 (QTSVT [32]): Let Ẋ = U̇ ?QT Ḋ ?QT V̇H be
the QTt-SVD of Ẋ . For any τ > 0, the QTSVT operator is
defined as

Dτ(Ẋ ) = U̇ ?QT Ḋτ ?QT V̇H , (12)

where Ḋτ = L−1((L(Ḋ) − τ)+).
Theorem 2: Let L be the linear transform which is utilized

in TQt-SVD, for any τ > 0 and Ẋ ∈ Hn1×n2×···×nk , the QTSVT
in (12) obeys

Dτ(Ẋ ) = arg min
Ṫ

τ‖Ṫ ‖QTNN +
1
2
‖Ṫ − Ẋ ‖2F . (13)

Hence, (11) can be solved by

ˆ̇N j+1
d = D 1

β jγ

 
∇d(Ż j) −

Ṗ j
d

β

!
. (14)

The Ż subproblem is

Ż j+1 = arg min
Ż

β j

2

X
d∈Γ

‖∇d(Ż) − Ṅ j+1
d −

Ṗ j
d

β j ‖
2
F

+
β j

2
‖Ż − ψ(Ẇ j) +

Q̇ j

β j ‖
2
F . (15)

Following the quaternion-based derivation proposed in [33],
the left derivative of equation (15) with respect to Ż leads to
the following linear equation.X

d∈Γ

∇T
d

 
∇d(Ż) − Ṅd −

Ṗ j
d

β j

!
+ Ż − ψ(Ẇ j) +

Q̇ j

β j = 0. (16)

In the above model, the linear system for updating the quater-
nion tensor Ż involves multiple difference operators along
spatial and color dimensions. Although applied to quaternion-
valued data, these operators are constructed from real-valued
circulant matrices and thus preserve linearity under the quater-
nion tensor-tensor product. Due to their real structure and
the convolution theorem in the real domain, these difference
tensors can be efficiently diagonalized using the Fast Fourier
Transform (FFT) [34]. Specifically, the convolution with real-
valued difference kernels becomes element-wise multiplication
in the frequency domain, allowing terms like ∇>k ∇k to be
expressed as component-wise multiplication of power spectra,
i.e., F(Dk)∗ ◦ F(Dk), where ◦ denotes component-wise mul-
tiplication. Furthermore, FFT in the quaternion domain also
satisfies Parseval’s identity [35], ensuring energy preservation
across domains. This framework enables efficient and stable
computation, leading to a closed-form frequency-domain solu-
tion for quaternion tensor optimization as follows.

Ż j+1 = QF−1

0@ QF �ψ(Ẇ j) − Q̇
j

β j + Ṡ j
�

1 +
P

d∈Γ F(Dd)∗ ◦ F(Dd)

1A , (17)

where Ṡ j =
P

d∈Γ F(Dk)∗ ◦ QF
�
Ṅ j+1

d +
Ṗ j

d
β j

�
, and 1 is a

tensor with all entries equal to one.
The Ẇ subproblem is

Ẇ j+1 = arg min
Ẇ

β j

2
‖ψ(Ẇ) − Ż j+1 −

Q̇ j

β
‖2F

+
β

2
‖Ẇ − Ẋ j +

Λ̇ j

β j ‖
2
F . (18)

Due to the inclusion of the nonlinear function in (18), it is
challenging to solve ‖ψ(Ẇ)− Ż j+1 − Q̇

j

β j ‖
2
F directly. Motivated

by the local linear approximation for solving the nonlinear
activation function in the Frobenius norm proposed in [36],
this paper develops a first-order approximation of Fψ(Ẇ; Ḣ) =

‖ψ(Ẇ) − Ḣ‖2F . Based on the theory of quaternion matrix
derivatives presented in [33] and the Taylor’s theorem of the
left kind introduced in [37], the first-order approximation of
the original function Fψ(Ẇ; Ḣ) is computed at the time of the
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latest update, rather than updating the variables themselves.
This can be expressed as

F j
ψ(Ẇ; Ḣ)

:= Fψ(Ẇ j−1; Ḣ) + 4R
�
∂Fψ(Ẇ j−1; Ḣ)

∂Ẇ∗
(Ẇ − Ẇ j−1)∗

�
+ 2 h j

X
v∈{1,i, j,k}

R
�
(Ẇ − Ẇ j−1)∗v(Ẇ − Ẇ j−1)∗

�
= Fψ(Ẇ j−1; Ḣ) + 4R

�
∂Fψ(Ẇ j−1; Ḣ)

∂Ẇ∗
(Ẇ − Ẇ j−1)∗

�
+ 2 h j‖Ẇ − Ẇ j−1‖2F , (19)

where Ẇ j−1 is the ( j − 1)-th iteration, h is specified as the
upper bounds of the locally Lipschitz constants of functions
F j
ψ(Ẇ; Ḣ), shown as h = L̂(‖Ḣ‖max).
Let ψ(Ẇ)− Ḣ = (φ(W0)−H0)+ i(φ(W1)−H1)+ j(φ(W2)−
H2) + k(φ(W3) − H3), based on the chain rules proposed in
the quaternion domain, it follows that

∂Fψ(Ẇ; Ḣ)
∂Ẇ∗

= 2(φ(W0) −H0)
�
∂φ(W0)
∂W∗0

�
+ 2(φ(W1) −H1)

�
∂φ(W1)
∂W∗1

�
+2(φ(W2)−H2)

�
∂φ(W2)
∂W∗2

�
+ 2(φ(W3) −H3)

�
∂φ(W3)
∂W∗3

�
,

where ψ(·) is a nonlinear split-quaternion function ψ(Ẇ) =

φ(W0)+ iφ(W1)+ jφ(W2)+kφ(W3), and φ(·) is a real-valued
differentiable function. Then,

∂φ(W0)
∂W∗0

=
1
4
φ′(W0).

In a similar way, ∂φ(W1)
∂W∗

1
= i

4φ
′(W1), ∂φ(W2)

∂W∗
2

=
j
4φ
′(W2), ∂φ(W3)

∂W∗
3

= k
4φ
′(W3). Further, based on the product

rule in the quaternion domain, it follows thatX
v∈{1,i, j,k}

R

�
∂2Fψ(Ẇ; Ḣ)
∂Ẇ∗v∂Ẇ∗

�
=

1
8

((φ′(W0)2 + (φ(W0) −H0)φ′′(W0))

+ (φ′(W1)2 + (φ(W1) −H1)φ′′(W1))

+ (φ′(W2)2 + (φ(W2) −H2)φ′′(W2))

+ (φ′(W3)2 + (φ(W3) −H3)φ′′(W3)).

Hence,

L̂(|q̇|) :=
1
2

L2(L0 + |q̇|) +
1
2

L2
1 (20)

is an upper bound of the Lipschitz constant of the gradient of
function (ψ(u̇)− q̇)2 with constants. For tanh activation φ(u) =
ex−e−x

ex+e−x , L0 = 1, L1 = 1, and L2 = 1. Based on the prox-linear
scheme proposed in [38] to update the subproblems in (18)
and the above discuss, the original update of Ẇ j+1 can be
reformulated as

Ẇ j+1 = arg min
Ẇ

˚
Fψ(Ẇ; Ḣ j+1) + ‖Ẇ∗ − Λ̇ j∗‖2F

	
, (21)

Algorithm 1 ADMM Solver for Problem (9)

where Ḣ j+1 = Ż j+1 + Q̇ j

β j and Λ̇ j = Ẋ j − Λ̇ j

β j . Let the first
derivative of (21) with respect to Ẇ be zero, then we have

0 =
1
2

(Ẇ − Λ̇ j) +
∂Fψ(Ẇ j; Ḣ j+1)

∂Ẇ
+ h(Ẇ − Ẇ j).

Then,

Ẇ j+1 =

�
Λ̇ j − 2

∂Fψ(Ẇ j; Ḣ j+1)
∂Ẇ

+ 2hẆ j
�
/(1 + 2h). (22)

The Ẋ subproblem is

Ẋ j+1 = arg min
Ẋ

β

2
‖Ẇ j+1 − Ẋ ‖2F +R(〈Λ̇, Ẇ − Ẋ 〉) + IΩ(Ẋ )

= arg min
Ẋ

β

2
‖Ẇ j+1 − Ẋ +

Λ̇ j

β j ‖
2
F + IΩ(Ẋ ), (23)

Hence, we can obtain

Ẋ j+1 = Ẇ j+1 +
Λ̇ j

β j , PΩ(Ẋ j+1) = PΩ(Ȯ). (24)

The whole procedure to solve (9) is summarized in
Algorithm 1. The specific update process for NTQTTV2 is
similar to that of NTQTTV1 and is provided in the Supple-
mentary Material. Meanwhile, we establish the convergence
guarantees of the proposed nonconvex ADMM algorithms.
The informal theorem is presented below.

Theorem 3: The adjacent variables in the Lagrangian func-
tion exhibit a consistent trend in the same direction as the
number of iterations increases. Besides, the upper bound for
the supergradient of the Lagrangian function is given. Then,
the sequence converges to a stationary point of equation (9)
and satisfies the first-order optimality conditions.

The formal theorem and detailed derivations are provided
in the Supplementary Materials.

C. Computational Complexity Analysis

The per-iteration complexity of our algorithms is dom-
inated by the shared QTSVT step. For an input tensor
Ȯ ∈ Hn1×···×nk , this primary computational bottleneck involves
a multi-mode linear transform and matrix QSVDs, with a

Authorized licensed use limited to: FUDAN UNIVERSITY. Downloaded on March 12,2026 at 07:42:27 UTC from IEEE Xplore.  Restrictions apply. 



2478 IEEE TRANSACTIONS ON IMAGE PROCESSING, VOL. 35, 2026

base complexity defined as: CQTSVT = O(n1n2(n3 · · · nk)2 +
min(n1n2

2, n
2
1n2)n3 · · · nk). The total complexity of each algo-

rithm is this base cost plus the cost of their unique operations.
Let N = n1 · · · nk. The total complexity of Algo-

rithm 1 (NTQTTV1) is CQTSVT + O
�

N
Pk

j=1 n j + N log N
�

.
The additional terms arise from the finite difference oper-
ator and a QFFT-based computation. The total complexity
of Algorithm 2 (NTQTTV2 in the Supplementary Mate-
rial) is CQTSVT + O

�
N
Pk

j=1 n j

�
. The additional cost stems

from the model product operation. When compared to
the baseline QTNN minimization algorithm (whose com-
plexity is CQTSVT), both of our methods introduce neces-
sary computational overhead. A direct comparison shows
that Algorithm 1 is more computationally intensive than
Algorithm 2 due to the additional O(N log N) term from its
QFFT operation.

This analysis contextualizes the empirical runtimes reported
in our experiments and characterizes the scalability of our
algorithms: Resolution: Scalability with respect to spatial
dimensions (n1, n2) is polynomial. The QSVD computation
within QTSVT scales approximately cubically, which explains
why the runtime gap between our methods and simpler base-
lines widens for higher-resolution data. Order: Scalability with
respect to tensor order (k) is exponential. This is evident
from the (n3 · · · nk)2 term within the base complexity CQTSVT,
where adding modes substantially increases the computational
cost.

IV. EXPERIMENTAL RESULTS

In this section, the effectiveness of the proposed QTTV
method is demonstrated by comparing it with various relevant
state-of-the-art methods. Subsection IV-A provides the exper-
imental settings. Subsection IV-B presents the color video
recovery results, followed by the 5D light field image recovery
results in Subsection IV-C. Finally, the experimental results are
discussed in Subsection IV-D.

A. Experimental Settings

1) Compared Methods: TNN-TV [19], SNN-TV [17],
t-CTV [3], TC-NTTNN [21], and GTNN [20] are tensor-based
methods. LRQTC [11], QT-RNNS1 [32] are quaternion tensor
based methods. The differences and relationships among all
methods are listed in Table II.

2) Test Data and Experimental Environment: Eight color
videos were randomly selected, including foreman, suzie,
akiyo, container, hall, grandma, news, carphone.1 In the fol-
lowing experiments, 50 frames are adopted, and eight videos
are of size 144 × 176 × 3 × 50. Due to the lower sampling
rate, the preceding and following ten frames of the video
were flipped to fully utilize the missing video information,
forming a 144 × 176 × 3 × 70 tensor. The sample rates
(SR) are 10%, 5%, 3%, respectively. Eight color light field
images were also randomly selected from the 5D Light Field
Dataset2 as additional test samples. Order-5 light field images

1Available: http://trace.eas.asu.edu/yuv/
2Available: https://lightfield-analysis.uni-konstanz.de/

are sized 9 × 9 × 128 × 128 × 3. The sample rates (SR) are
1%, 0.7%, 0.5%, respectively. Except for QTTV and t-CTV
which can process higher order tensor directly, the light field
images are reshaped to 4-D tensors as 81 × 128 × 128 × 3
for other methods. Besides, the tensor-based methods are
applied to RGB channels, respectively. All experiments were
implemented in MATLAB R2023b, on a PC with a 3.40GHz
CPU and 32GB RAM.

3) Evaluation Index Setting: Two indicators are employed
to evaluate the performance of the proposed methods, includ-
ing peak signal to noise rate (PSNR) and average structural
similarity index (aSSIM) along with the third or higher dimen-
sions. The parameters for both NTQTTV1 and NTQTTV2
were configured as follows. For NTQTTV1, the regularization
parameters were set to β1 = 8 × 10−2, η = 1.03, and the
convergence tolerance ε = 10−3. For NTQTTV2, we set
β = 8× 10−2 and ε = 10−3.

The parameters (w1,w2,w3) = (1, 1, 1) in the circulant
matrices of NTQTTV-1. The parameters (w1,w2,w3) in the
circulant matrices of NTQTTV-2 were selected based on the
characteristics of the input data. Specifically: For the first two
video sequences with large frame-to-frame variations, we set
(w1,w2,w3) = (2, 2, 5). For the remaining six videos with
relatively smoother temporal dynamics, we used (w1,w2,w3) =

(1, 1, 15). For 5D light field images, uniform weights were
used: (w1,w2,w3) = (1, 1, 1). Besides, based on the author’s
codes, the parameters of other compared methods are adjusted
to the best.

B. Color Video Recovery

Table III lists the PSNR and aSSIM comparisons for all
methods. The optimal numerical results are highlighted in
bold, and the second-best results are underlined. As shown,
the proposed NTQTTV1 outperforms the alternatives in most
cases, with its advantages becoming particularly pronounced
at very low SR. The final row reports the average running time,
which aligns with our complexity analysis (Section III-C):
NTQTTV1 is the most computationally intensive, while
NTQTTV2 provides a significant computational advantage
over NTQTTV1.

Fig. 3 presents reconstructed frames from color videos at
SR = 5%. One frame was randomly selected from each
video, and its corresponding PSNR and aSSIM values were
computed. The proposed method more effectively restores
edges and fine details, as highlighted in the enlarged insets.
Fig. 4 shows pixel-value profiles at randomly chosen spatial
locations in the reconstructed videos. It is evident that the
curves produced by NTQTTV more closely match the original
pixel values than those generated by the competing methods.

In comparison with quaternion-based methods, LRQTC
is limited due to its reliance on low-rank modeling alone.
Although QT-RNNS1 introduces data sparsity, it still utilizes
a linear low-rank model. The proposed NTQTTV framework
combines nonlinear transformation, low-rank approximation,
and smoothness regularization in a unified manner, which
results in superior reconstruction performance across various
tasks.
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Fig. 3. Restoration results of color videos by different methods respectively with S R = 5%.

C. 5D Light Field Image Recovery
The PSNR and aSSIM metrics for all compared algorithms

are presented in Table IV. As shown in Table IV, the proposed
NTQTTV2 consistently outperforms the competing methods,
with its advantages becoming more pronounced as the SR
decreases. Apart from t-CTV, TC-NTTNN, and NTQTTV2,
most other approaches fail to reconstruct the light field images.

Additionally, all methods demand substantial computational
time to address this problem.

The reconstructed visual results of the four top-
performing methods (t-CTV, TC-NTTNN, and NTQTTV1
and NTQTTV2) under SR = 0.5% are shown in Fig. 5.
Despite the extremely low sampling rate, the proposed method
still yields noticeably clearer reconstructions compared to the
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Fig. 4. Comparison of pixel-value profiles at randomly selected spatial
locations in the reconstructed Suzie and Foreman videos (S R = 5%), shown
for each of the three color channels.

Fig. 5. Restoration result of light field images by different methods with
S R = 0.5%.

alternatives. Here, the effectiveness of quaternions in retaining
color information can also be visually observed.

The NTQTTV algorithm achieves superior visual and quan-
titative performance by leveraging quaternion representation,
nonlinear transformation, and total variation regularization.
These components jointly enhance low-rank approximation
and angular detail recovery in light field reconstruction.

While NTQTTV achieves high-quality reconstruction of
videos and light field images under challenging missing data
conditions, it requires substantial computational resources.
Reducing the computational burden is identified as an impor-
tant direction for future work.

D. Ablation Study and Discussions

1) Convergence Curves of the Proposed NTQTTV Method:
This subsection examines the numerical convergence of the
NTQTTV method’s nonlinear ADMM-based algorithm to
verify its theoretical convergence properties. Using the news
video at different SRs as a test case, Fig. 6 plots the relative
change curves of our algorithm. The relative change metric
for the quaternion tensor Ẋ between consecutive iterations is

Fig. 6. Relative error curves of (a) NTQTTV1 and (b) NTQTTV2 under
different SRs.

Fig. 7. PSNR and aSSIM curves of (a) NTQTTV1 and (b) NTQTTV2 under
S R = 0.2.

defined as:
‖Ẋ j+1 − Ẋ j‖F

‖Ẋ j‖F
.

A consistent reduction in relative error is observed with
successive iterations, confirming the numerical convergence
of the proposed approach.

2) Sensitivity Analysis of Parameters β: Fig. 7 illustrates
the impact of the regularization parameter β on the reconstruc-
tion performance of NTQTTV-1 and NTQTTV-2, evaluated
on the news video dataset with a sampling rate of 0.2. For
NTQTTV-1, β is varied from 0.001 to 5, and for NTQTTV-
2, from 0.005 to 10. The results show that both models
achieve stable and high PSNR and aSSIM scores over a
broad range of β values. In particular, NTQTTV-1 performs
robustly when β ∈ [0.01, 1], while NTQTTV-2 maintains
optimal performance for β ∈ [0.01, 2]. A gradual decline is
observed only when β becomes excessively large or too small.
These findings demonstrate the robustness of the proposed
models with respect to β, and indicate that the parameter
does not require overly precise tuning to achieve competitive
results.

3) Ablation Study on the Nonlinear Transform: To validate
the effectiveness of our proposed nonlinear transformation and
to select the optimal activation function, we conducted an abla-
tion study. We compared the performance of our NTQTTV1
and NTQTTV2 models using three distinct nonlinear func-
tions: Sigmoid, Leaky ReLU, and the hyperbolic tangent
(tanh). As a baseline, we also evaluated the models without
any nonlinear transform, referred to as Linear NTQTTV1 and
Linear NTQTTV2.

Table V presents the quantitative results (PSNR and aSSIM)
for this comparison on the news video dataset. The results
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TABLE V

THE PSNR/ASSIM VALUES OBTAINED WITH DIFFERENT NONLINEAR FUNCTIONS FOR NEWS. THE
BEST NUMERICAL RESULTS ARE HIGHLIGHTED IN BOLD

Fig. 8. Quantitative comparison for the ablation study on quaternion versus real-domain modeling.

clearly show that all models incorporating a nonlinear trans-
form significantly outperform the linear baseline, which
confirms the advantage of our core approach. Among the tested
activation functions, the tanh function consistently yields the
highest reconstruction quality. Based on these empirical find-
ings, we adopt tanh as the chosen nonlinear transform for all
subsequent experiments.

The superior performance of tanh can be attributed to its
key mathematical properties. As a bounded, saturating nonlin-
earity, tanh maps the entire data range to a finite interval of
(−1, 1). This makes the low-rank recovery process more robust,
especially in the context of image completion where large-
magnitude values can arise from both the high dynamic range
of known pixels and unstable estimates for missing entries
during optimization. By compressing these extreme values,
tanh prevents them from dominating the recovery process
and allows the model to better focus on the underlying low-
rank structure. Furthermore, its smooth, differentiable nature is
highly beneficial for the stability of our gradient-based ADMM
algorithm and is compatible with our Total Variation (TV)
regularizer, as both favor smooth solutions. Finally, unlike
the sigmoid function, its zero-centered output range of (−1, 1)
(compared to sigmoid’s (0, 1)) avoids introducing a systematic
bias into the iterative updates, leading to more stable and
efficient convergence. In essence, tanh strikes an effective
balance: its boundedness stabilizes the global recovery, while
its smoothness and zero-centered output ensure a robust and
efficient optimization process.

4) Quaternion Representation Vs. Real-Domain Modeling:
To precisely quantify the advantage of the quaternion frame-
work, we conducted an ablation study comparing our proposed
NTQTTV1 and NTQTTV2 models against their direct real-
domain counterparts, denoted NTRTTV1 and NTRTTV2.
These baselines are structurally identical to our proposed mod-
els. They employ the same nonlinear transform, regularizers,
and optimization scheme, with the sole difference that all
quaternion-specific operations are replaced by their real-valued
tensor equivalents, which treat the RGB channels as a separate
tensor mode.

The quantitative results of this comparison on eight video
datasets under SRs of 50%, 30%, and 10% are presented in
Fig. 8. The results clearly demonstrate that both NTQTTV1
and NTQTTV2 consistently outperform their real-domain
counterparts in most test cases in terms of both PSNR and
aSSIM. More importantly, the performance gap between the
quaternion and real-domain models widens dramatically as
the sampling rate decreases. At SR = 50%, the NTRTTV
models are competitive. However, as the problem becomes
more ill-posed at SR = 30% and especially at SR = 10%,
their performance degrades sharply, while our quaternion-
based models maintain a much higher level of accuracy.

5) Discussion on Trade-Offs and Limitations: The primary
advantage of our method is its ability to preserve complex
inter-channel correlations via quaternion algebra, yielding
superior results in applications where accuracy is paramount.
However, this is balanced by two key limitations regarding
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computational cost and the applicability of its core modeling
assumption.

First, the sophisticated modeling is computationally inten-
sive, making the method unsuitable for real-time applications
like live video streaming. This challenge is compounded by the
algorithm’s exponential scaling with tensor order (as detailed
in Section III-C), which limits its practicality for very high-
dimensional datasets. Second, the method’s core strength (its
holistic treatment of channels) becomes a limitation when the
underlying assumption of strong correlation is invalid. For
instance, when applied to multi-channel scientific data with
disparate spectral bands, the model may impose an unnatural
correlation and consequently hinder performance.

V. CONCLUSION

This paper presents a unified quaternion-tensor low-rank
completion model that jointly exploits the global low-rank
structure, local smoothness, and nonlinear characteristics
of multidimensional color images. To solve the resulting
nonlinear and nonconvex optimization problem, a locally lin-
ear approximation strategy is employed within the ADMM
framework, along with a convergence analysis. Extensive
experiments on real-world color videos and light field images
demonstrate that the proposed NTQTTV method consistently
outperforms state-of-the-art techniques under high missing
rates. As detailed in our discussion, the method’s high com-
putational cost and its core modeling assumption are key
limitations for real-time applications. Future research will
therefore focus on enhancing computational efficiency, par-
ticularly for the time-consuming QTSVT step. Promising
directions include hardware acceleration by leveraging parallel
architectures like GPUs and algorithmic advancements through
the exploration of approximations such as randomized QSVD.
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